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CHAPTER-1
TRUSSES AND FRAMES

Trusses and frames- Trusses are structures or structural components consisting of axially

loaded elements suitably connected/jointed by hinges or pins in contrast to frames which
have moment resisting joints.
Common Types of Roof Trusses:-

The various types of roof trusses commonly used are as under:

1) Warren and Pratt Trusses:-These trusses are commonly used for the flatter
roofs for spans of roughly 12 to 38m. The warren truss is usually a little more satisfactory
than the Pratt. The roofs may be completely flat for spans not exceeding 10 to 15m, but for
longer spans, slopes for drainage purpose are purposely provided.

(2) The Pitched Pratt and Howe Trusses:- These trusses are the most common
types and medium size trusses which have maximum economical spans of about 30m.

(3) Find Truss:-This type of truss is used for steep roofs. Fink trusses are
economically used for spans upto 35m. The most of the members of fink trusses are in
tension. Fink trusses are further classified as French or cambered fink and fan fink.

4) Bow String Trusses:- This type of truss is used for curved roofs for spans
upto 30m. These are specially suited for ware houses, supper markets, garage and small
industrial buildings.

(5) Steel Arch Truss:-This type of truss is used for spans over 30m.

Statically Determinate and Indeterminate Trusses

The trusses where all the member forces or support reactions could be found out by using the
statical equations of equilibrium alone are called determinate trusses, otherwise they are
statically indeterminate (redundant) having members or reaction components in excess of that
can be found out by the equations of statics alone and may require deformation/compatibility
equations for solution of such type of trusses..

The plane struss consists of a number of bars jointed together, such that they lie in one

plane and form a frame-work which is stable against any type of loading acting in the

same plane. The plane trusses can be classified as :

i) Simple Trusses A
i) Compound Trusses ;
iif)  Complex Trusses ? (@)
Simple Trusses:-
8% DA

(b



The simplest form of the truss
frame-work which should be stable
can be formed as follows:
a) By connecting three bars by means of
pins to form a triangle as in Fig.
(a) suitable connected to the foundations.
This will form a rigid frame which will not collapse.
b) By taking two bars from rigid foundations and jointing them by means of a pin at the
end to form a triangle as in Fig. This will form a rigid frame which will not collapse.
In any other form the frame-work will not rigid. For example, the frame-work
consisting of four bars in the form of polygon ABCD, as shown in Fig. is not stable and can
collapse as shown by dotted lines.

In case the frame-work consists of two bar AB and DC from the rigid foundations,
their ends being connected by the third bar BC. The frame-work will collapse as shown by
dotted lines in Fig.

Beginning with the rigid frame ABC by adding two bars AD and CD pinned together
at D, we have rigid frame ABCD shown in Fig. The frame

can be further extended by adding two bars which should not be in the same straight line
pinned together as shown by dotted line in Fig.



There is a definite relationship between the number of bars or members m and number
of joints, j in simple trusses.

In the case of the truss shown in Fig. which starts with the basic triangular frame
ABC, there are three member and three joints for frame ABC and further for every joint there
are two members. Leaving the basic triangle, if m is the number of members and j’ is the
number of joints.

In the case of the truss shown in Fig. not counting the points of attachments to the
foundation as joints, there will be two members for each joint, e.i.

Connection to Foundations: The truss of Fig. will have to be connected to the
foundations suitably unlike the truss in Fig. which starts from the foundation. The frame
ABCED shall have to be connected to the foundations in a manner so that the movement of
the frame in vertical and horizontal directions and the rotation of A ?
the frame is prevented. At the same time to make the frame
determinate the reactions should be such as could be calculated
from three equations of statics £V=0, £H=0 and £M = 0.

If the truss is supported on rollers at B and E as shown in

Fig. it will be seen that the truss will have no constraint in the

horizontal direction. Therefore, if the truss is to be constrained to
move horizontally or vertically, one connection to the foundation
should be a hinged one. The other connection should be such as

to prevent rotation about the hinge.

The connection shown in Fig. will be adequate and will
produce reactions which can be calculated, as at the hinge B, the
reaction will have two components and the reaction at E will be

vertical. The three unknowns can be calculated by the three

equation of equilibrium.

In Fig. the truss is connected
to the foundations by two hinge at B and E.
The reactions at B and E both will have
two components and, therefore, there
will be four unknowns and the usual
three equations of equilibrium will not

be sufficient to evaluate the four unknowns.

Therefore, the truss in Fig. is

called externally indeterminate. Similarly



the truss in Fig. as supported will
have four unknown reactions two at B,
one at C and one at E and, therefore, it is externally indeterminate.

The truss in Fig. has three unknown reactions two at B and one at E but all these three
pass through B, therefore, the truss will rotate about the point B and get distorted. Thus three
reactions which are not parallel and which do not meet at one point are sufficient to keep the
truss in equilibrium and these can be worked out from the three equations of statics £V=0,
£H=0 and £M = 0. If there are less than three unknown reactions the truss will not be stable.
If there are more than three unknown reactions, the truss is said to be indeterminate,
externally and may be stable or unstable.

The other way of supporting trusses is to connect
them to the foundations by means of links hinged at the truss
joints. From the above discussions it is clear that three links,
the directions of which do not meet at any point or are not
parallel, will keep the truss in equilibrium and the forces in

these links can be worked out by three equations of statics.

In Fig. there links connect truss to the foundations
but as their directions meet at B, the truss will be able to
rotate about B and get distorted. Similarly in Fig. the
directions

of three links are parallel therefore, any

horizontal force will distort the truss
considerably.

In Fig. though the directions of three
links are not parallel but they meet a point
0 which will be instantaneous centre of
rotation and the truss will get distorted.
Furthermore if the resultant of external forces
applied does not pass through the point 0,
there is no possibility of equilibrium of the truss

unless the three links get distorted.

The trusses as supported by three links
in Fig. will keep the truss in
equilibrium and the forces in the links can

be evaluated.



If there are more than three links the truss will be externally indeterminate and may
be stable or unstable.

Forces in Truss Members: The truss has to carry loads from structure which it supports and
transfers the same to the other structural members which carry these to the foundations.

For analysis of the truss it is assumed that the distortion of the truss as a whole results
from the changes in the lengths of the members due to axial forces. To achieve this object all
the loads should act on the joints and even the self weight is taken to act at the joints and
joints are treated as perfectly hinged. In actual practice, as the joints are slightly rigid there
will be bending of the bars which will cause secondary stresses. These are neglected in the

first analysis. Therefore, the members will carry only axial forces, tensile or compressive.

For analysis the truss members are assumed A R
to be weightless, meeting at frictionless joints 1 :
and the external loads are applied at the joints in - R 4

the plane of the truss. If a free body diagram of
each joint is drawn, it will consist of a system of co-planner forces consisting of external
forces acting at the joint and axial forces induced in the bars meeting at the joint. This system
of forces will be in equilibrium. The analysis of the truss is to find the internal forces induced
in the bars.

As discussed previously the rigid frame-work as shown in Fig. will satisfy the
following equation between members and joints.
m=2j-3
Where m=number of members
Jj=number of joints

At each joint there will be two equations of equilibrium, therefore, for j joints there
will be 2j equations. For externally determinate truss three reaction components which do not

meet at a point are necessary for connecting to the foundations.




The total number of unknowns, i.e. forces in members and the three reaction
components should be equal to 2j, if the frame is to be stable and determinate. Therefore,
number of members, m should be equal to 2j-3. If the number of members is less than 2j-
3,there will be more equations than the unknown and the frame will be unstable. If the
members are more than 2j-3, the equations will not be sufficient to solve these unknowns and
the frame is in the arrangement of the bras. The rigid frame formed as discussed previously
will be stable and determinate.

In case of truss formed by starting with a rigid foundation as shown in Fig.9.6 (b), for
a rigid truss, m=2j, the connection at the foundation is not counted as a joint.

At each joint there are two equations of equilibrium, therefore, for j joints there will
be 2j equations and with these equations, forces in 2j members can be solved. Thus m=2j.

In the case of rigid frame-work connected to the foundations by three links as in Fig.
if connecting links are included as members of the truss, then for j joints there are 2j equation
and number of members necessary will be given by m=2j.

Analysis of Forces in Members of a Simple Truss:-The force in members of simple truss
can be worked out by any of three methods:

)] Graphical

i) Method of Joints

iii) Method of Sections

(i) Method of Joint:- In this method, an imaginary section is passed around a joint a
joint in the truss, completely isolating it from the reminder of the truss. The joint becomes a
free body which remains in equilibrium under the forces applied to it. For the determination
of the unknown can be determined at a joint with these two equations.

(i) Method of Sections:- In this method an imaginary section is passed completely
through the truss dividing it into two free bodies, and cutting the member whose force is
desired and as few other members as possible. We know that the algebraic sum of the
moments of all the forces applied be a free body about any point in the plane of the truss is
zero. In order to determine the force in the desired member, take moments of the force about
a point so that only the desired unknown force appears in the equation. To achieve this the
moments are taken about a point along the line of action of one or more of the forces of the

other members.



The method of sections is very useful tool for determining the force in only one
member of a truss if it is not near the end of the truss.

In writing the moment equation M = 0, the unknown force is assumed in tension i.e.
pulling away from the force body. If the solution gives a positive sign, the force is tensile and
if negative the force is compressive.

Graphical method of analysis
Graphic Statics:-

Determination of reactions and forces in structural works by graphical methods, is
known as graphic statics. Solution of very complicated types of trusses i.e. towers can be
done very easily graphically avoiding analytical methods.

1. Basic concepts of graphic statics:- The following concepts may be understood
clearly before attempting the analysis of trusses by graphical methods.

i.Force:- A force is represented by a vector. A vector may be drawn parallel to the
force with an arrow to represent its direction and a scaled length to represent its magnitude.
The vector merely represent the centres of gravity of the loads, the structural members carry.

ii.Resultant of Forces:- Two non-parallel forces intersecting at one point, may be
graphically combined into one resultant with the help of a force triangle or a force
parallelogram. The magnitude of the resultant force is obtained by scaling it with the same
scale as that of the forces.

The resultant of three or more forces may be obtained by selecting an arbitrary point
as the starting position and successive lines for each of hte forces are drawn parallel to the
actual forces and scaled their proper magnitudes. The resultant of the forces is finally
obtained by drawing a line from the starting point to the ending point. It may be noted that
the resultant of all forces applicable to a body in equilibrium is zero and hence, the starting

and closing points of polygon of forces coincide. (Fig. 15.44)



2. Bow’s Notation:- The system of numbering the members load and reactions of a truss
by placing a letter in each of the triangles of truss and in the space between each of the
external loads and reactions, is known as Bow’s notation.

Analysis of trusses by graphical method is very much eased by adopting this mode of
notation. Each external force is thus designated by a pair by letters. Similarly, the internal
forces in the members of the truss are designated by the pairs of letters on each side of it.

The numbering of forces is usually started from left and support and continued in
clockwise direction spirally.

3. Force polygons for individual joints:- The resultant of forces meeting at a joint may
be obtained by drawing a polygon of forces at that joint. Subsequent joints are taken out one
by one and a force polygon is drawn for each.

4. The Maxwell diagram:- The combined diagram of the force polygons for all the
joints of a truss, in which each force is represented with only one line, is called the Maxwell
diagram or Reciprocal polygon diagram. While drawing a Maxwell diagram, the forces are
considered in clockwise direction around the joints.

5.Polar diagram- It is the vector diagram of all the external forces acting on the structure
represented by their arbitrary triangular components such that they have a common apex or
point of resolution called pole.

In Fig. the analysis of the truss has been done by taking joint. E first and drawing the
vector diagram as at Fig. the force in DE i.e. 2-4 is compressive. Taking joint D, the vector
diagram is drawn in Fig. where the value of force in DE, i.e. 2-4 has been taken from the
vector diagram of Fig. The member CD, i.e. 4-5 is in compression and DA i.e. 1-5 in tension.
Taking joint C, the vector diagram is drawn in Fig. in CD i.e. 4-5 and CE, i.e. Fig.
respectively. The member BC, i.e. 3-6 is in compression and member AC, i.e. 5-6 is in



tension. 22

In this construction it is sent that the

vectors 2-4, 4-5, 3-4 appear in two vector

diagrams. To eliminate this a single vector

diagram can be drawn as shown in Fig.

(e) from which forces in all the members

can be found out. First vectors 1-2 and
2-3 are drawn representing external loads.
The vector diagram (2-3-4-2) represent conditions at joint E, the vector diagram (1-2-4-5-1)
represents conditions at joint D, the vector diagram (5-4-3-6-5) represents conditions at joint
C. To find whether the member is in compression or in tension, read the member in clockwise
direction at any joint and read in the same way in the combined vector diagram, give the
arrow on the member at the same joint in the directions as is read in the vector diagram. If the
arrow is towards the joints, the member will be in compression if away the member will be in
tension.
Analysis of frames structures:-  The stresses in the various members of a framed
structure may be determined by one of the following methods, discussed here under.
(A) Method of joints:-
Proceed as under;
1. Determine the support reactions.
2. Consider the equilibrium of the joint where forces in two members are only
unknown.
3. For static equilibrium of the joint, apply the following two conditions.

4. Solve the above equations, to determine the unknown forces in the members.

10



The following solved examples will explain the working principal of the method

joints.

Example - Find the forces in members BC, BG and HG for the given symmetrical pin jointed

truss and loading as shown in Fig. 8.17, by graphical or any other method. The load of 10t

acting at joint B is at right angles to the member AB and BC. The other loads act vertically

downwards as shown in Fig. 8.17 ?

€
10t 8t
BN/ e 1)
90 «
*
o
iV 12¢ 12t
t‘___,_A- el o e A@Jms 6m—

Solution:-

We shall find the forces in all the members analytically.

Let. Rj=vertical reaction at B sina =

ald AN lw

V = vertical component of reaction at A cosa =

H= horizontal component of reaction at A
Resolving the forces vertically, we get
R1+V=12+12+8+8=40

Taking moments of the forces about A, we get

R1= 10x5+12x41+612x8+8x12 — 18.125t.

Substituting the value of Ry in egn. (i) we get
V=40-18.125=21.875t.

and H=10sina = 10x% = 6t.

Joint E:

Resolving the forces vertically,

Ri1-Fpe sina =0 assuming the force Fpg as compression

Fpe= +18.825 x g = 30.208¢t. (Compression)
Resolving the forces horizontally,

Fpoecos @ — Fgr = 0 assuming the force in Fgr as tensile.

Fgr = +30.208 + % = 24.167t. (Tension)

11



Or
Joint F:
Resolving the forces horizontally,

Fer = Fre = 24.167t. (Tension)
Resolving the forces vertically,

Frpo =0

Joint D:

Resolving the forces vertically,
—8 + Fpp + Fpgsina — Fpesina + Fpgsina =0
—8+0+ 30.208x§ - FDng + FDGxE =0

_FDC + FDG - _16875 .................... (l)

Resolving the forces horizontally,
—Fpgcosa + Fpgcosa — Fpgcosa =0

_FDC + 30208 - FDG = O

—Fpe — Fpe = =30.208 oo, (ii)
Solving egns. (i) and (ii) we get

Fpc = 23.54t. (Compression)
and  Fpc=6.667t. (Compression)

Joint C:
Resolving the forces vertically,
Fepsina + Fegsina — Feg =0
Resolving the forces horizontally,
Fepcosa = Fogcosa
Or Fep = Feg = 23.54t (Compression)
Substituting the values of Fcg in eqn. (i)
2x23.54x2 — Fg = 0
Foc = 28.25t
Or Joint G:
Resolving the forces vertically,
Feg —12 — Fgpsina — Fgpsina = 0

28.25 — 12 — Fpx 2 — 6.667x= = 0

Or Fep = +12.25x§ = 20.42t (Compression)

12



Resolving the forces horizontally,

_FGH + FGB cosa + FGF - FGD cosa = 0
—Fgy + 20.42X < + 24.167 — 6.667x = = 0

Fey +35.17=0
Or Fey = 35.17¢. (Tension)
Joint H:
Resolving the forces vertically,
Fre=12t.
Resolving the forces horizontally,
Fua=Fnc=35.17t.
Joint A:
Resolving the forces vertically,
Fygsina—V =0
Fup = # = 21.875x§ = 36.46t (Compression)
Resolving the forces horizontally,
Fpcosa+H—F;y =0
36.46 x=+H —35.17 =0
Or 29.17+6-35.17=0 O.K.

Member Force Tension / Compression
BC 33.54t Compression

BG 20.42t Compression

HG 35.17t Tension

Example. 8.11 Construct a stress diagram for the truss shown in Fig. 8.18 and determine the

stresses in all the members of this truss.

6@ 5!11.30-’ e
Solution: We will solve this problem by the method of joints sina = \/%
Let 2LBAL = a ; £CLK = fand4DK] =Y
6P 5
Now Rl—Rz—?—SP. cosa =

13



Joint A:

Assume that the member AB is in compression and member sin 8 = \/%
AL is in tension
. . 4
Resolving the forces vertically, cosf = N7y
P . . 6
5+FABsma—R1=O siny = =
ing=3P—-L=2 -5
Or F4gsina = 3P 2—ZP cosy = 7=
Or Fip = 5_/2P = 25PV29 6.37P (Compression)
sina 2
Resolving the forces horizontally,
Fygcosa—F4; =0
Or F,, =F,gcosa = Mxi = 6.25P (Tensile)

2 V29

Joint B:
Assume the forces in members BC and BL as compressive.
Resolving the forces horizontally,
Fgccosa — Fygcosa =0
Or Fgc=Fy 5 =6.73P (Compression)
Substituting the value of Fgc and Fag in Egn. (i) Fg =P (Compression)
Joint L:
Assume the force in member LK to be tensile and that in LC to be compressive.
Resolving the forces horizontally,
Ficcosf+F2—Fgk=0
Joint G:-
Assumed the forces in the members CD and CK compression.
Resolving the forces horizontally,

Fgccosa — Fg cosB — Fqpcosa =0

25PXvV29 5  PV4l 5 Fox—0
2 V4 “Va- 0Y % T
5
6.25P — 1.25P — Fepx =0
Or Fep = SPAVZ9 _ 5.38P (Compression)

Resolving the forces vertically, we get
FCK + FBCSina - FCLSinﬁ - 2 _FCD Sina = O

5PV29 2 | PxV4l_ 4  25PV29 _ 2
Fpg =P+——x—+ X = X =
5 V29 4 V41 2 V29

14



Or

Feg-P + 2P + P —2.5P = 1.5P (Compression)

Joint K:

Or

Assume the forces in the members KD and KJ to be tensile.

Resolving the forces horizontally,

FK]+FKD COS}/—FKL=O ................. (l)

Resolving the forces vertically,

FKC_FKD Sin)/= 0 ................. (“)

Fyp = 1.5Px€ = 1.25P. (Tensile)

Substituting the value of Fxp in eqgn. (i)

5
Fiy + 1.95Px 7=~ 5P = 0

Joint J:-

Or

Resolving the forces horizontally,

Fgy —F; =0

Fj; = Fjx = 3.75P (Tensile)
Resolving the forces vertically,

Fip=0

Because, the truss is symmetrical and is also loaded symmetrically, the forces in the

symmetrical members will be equal. Results are tabulated here under:

Sl. No. Members Nature
Comp. Tension

1. AB, GF 6.73P -

2. BC, FE 6.73P -

3. CD, ED 5.38P -

4. AL,GH - 6.25P
5. LK,HI - 5.0P
6. KJ, U - 3.75P
7. BL, FJ P -

8. CK, El 1.5P -

9. DJ ZERO ZERO
10. CL,EH - 0P
11. DK, DI - 1.95P

15



(B)  Method of Sections:
Proceed as under:
1. Determine the support reactions.
2. Divide the frame by a section line in two portions such that the section line does not
cut more than two unknown concurrent members.
3. Consider the static equilibrium of the joint and apply the following two conditions:

XV =0andXH =0

In case, the members of the frame cut by sections line are not concurrent, the
conditions of static equilibrium are:

H=0 XV=0, M =0

The section line may be passed to cut not more than three unknown members.

The point about which moments of the forces are taken, should be selected such that
maximum number of members cut by the section line, meet there.
4. After determining the forces in the members cut by the section line, other suitable
section line may be passed cutting another set of members whose forces are unknown.
Advantages: The advantages of the method sections over other methods is that forces in
members particularly those away from the supports can be determined quickly by passing a
section line cutting those members.

The following solved examples will explain the working principle of the method of
sections.
Example8.12. Find the forces in members BC, BG and HG for the given symmetrical pin
jointed truss and loading shown in Fig. 8.19 by graphical or any other method. The load of
10t acting at joint F is at right angles to the member AB and BC. The other loads act

vertically downward as shown in Fig. 8.19.

H >
T 12 12t 3
4@4m=16m

16



Solution:

As the forces are required only in three members, it is prefer able to adopt the method

of sections.
Let LCAG =«
The vertical reaction at E sina = %
10X5+12x4+12x8+8x12 . 4
R, = sina = -
16 5
=18.125t.

Pass a section 1-1 to cut the members BC,BG and HG as shown in the figure.
Remove the left portion of the truss.
Let Force Fgc be compression
Fsc be compression
Fgn be tension
Taking moments of all the external forces about G,
Fgcx 8sina + 8x4 = 18.125x8

18.125-4 _ 14.125x5 _ 70.625
sina 3 - 3

Or Fge = 23.54t (Compression)
Taking moments of all the external forces about B,

Fyex3 + 12x4 + 8x8 = 18.125x12

3Fyc + 48 + 64 = 217.500

3F.y = 217.5 — 11 = 105.50

Fy; = 35.17°t. (Tension)
Taking moments of all the external forces about A,

Fpcx8 sina + 12x8 + 8x12 = 18.125x16

Fgesina = 36.25 — 12 — 12 = 12.25

Or FBC =

Fgg = 12'235x5 = 20.42t. (Compression)
Results:

Member Force Nature

BC 23.54t Comp.

HG 35.17t Tension

BG 20.42t Comp.

Important uses of Trusses- Trusses are used to bridge over long spans where the use of
beams or girders is generally uneconomical. They are used in the construction of bridges,
warehouses or factory sheds or industrial as well as residential buildings.

17



CHAPTER-2
SLOPE AND DEFLECTION OF BEAMS

Introduction

When a beam or for that matter any part of a structure is subjected to the action of applied
loads, it undergoes deformation due to which the axis of the member is deflected from its
original position. The deflections also occur due to temperature variations and lack-of-fit of
members. Accurate values for these deflections are sought in many practical cases. The
deflections of structures are important for ensuring that the designed structure is not
excessively flexible. The large deformations in the structures can cause damage or cracking
of non-structural elements. The computation of deflections in structures is also required for
solving the statically indeterminate structures.
The deflection of beam depends on four general factors:

1. Stiffness of the material that the beam is made of,

2. Dimension of the beam,
3. Applied loads, and
4

Support conditions

Elastic curve

The curve that is formed by plotting the position of the neutral axis of the beam under loading
along the longitudinal axis is known as the elastic curve. The curve into which the axis of the
beam is transformed under the given loading is called the elastic curve. The nature of the
elastic curve depends on the support conditions of the beam and the nature and type of
loadings. The slope at a given point may be clockwise or anticlockwise measured from the
original axis of the beam. Figure 1 shows the elastic curves for cantilever and simply
supported beams. Sagging or positive bending moment produces an elastic curve with
curvature of concave upward whereas a hogging or negative bending moment gives rise to an
elastic curve with curvature of concave downward.

Deflection

The vertical displacement of a point on elastic curve of a beam with respect to the original

position of the point on the longitudinal axis of the beam is called the deflection.

Slope
The angular displacement or rotation of the tangent drawn at a point on the elastic curve of a
beam with respect to the longitudinal axis of the original beam without loading is known as

the slope at a given point.
18
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(a) Cantilever beam (b) Simply supported beam
Figure 1

Importance of slope and deflection

Accurate values for these beam deflections are sought in many practical cases. The deflection
of a beam must be limited in order to: (a) provide integrity and stability of structure or
machine, (b) minimize or prevent brittle-finish materials from cracking The computation of
deflections at specific points in structures is also required for analyzing a statically
indeterminate structures.

Equation of elastic curve

The following assumptions are made to derive the equation of the elastic curve of a beam.
Assumptions:

1. The deflection is very small compared to the length of the beam.

2. The slope at any point is very small.

3. The beam deflection due to shearing stresses is negligible, i.e., plane sections remain
plane after bending.

4. The values of E and I remain constant along the beam. If they are constant and can be
expressed as functions of x, then the solution using the equation of elastic curve is
possible.

Let us consider an elemental length PQ = ds of the elastic curve of a beam under loading as

shown in the Figure 1. The tangents drawn at the points P and Q make angles dand ¢ +dé&
with x-axis. Let the coordinates of P and Q be (X, y) and (x+dx, y+dy) respectively. The

normals at P and Q meet at C. C denote the centre of curvature and p the radius of curvature
of the part of the elastic curve between P and Q.

From the geometry of the curve, it is obvious that ds=,dé

ds
or p=@ sass
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and ﬂ:tane,d—y:sine,and %=cose

dx ds ds
ds
_ds dsdx  gx
P=46  dxde  do
dx
secd
P—W 1)
dx
dy
Further, tangd = —
dx
Differentiating with respect to x, one can get
2
Asaa sec’ 0% _dy
dx  dx?
d?y
deo d)(2
dx sec’d @)

Substituting the value of (;—f in Eq.(1), one gets

_sec’d

d?y

dx’

d’y d’y dy
1 dx®* _ dx® dx
p sec’d  (sec?0f* (1+tan®0)”*

d?y

For real life actual, the slope dy/dx is very small and its square is even smaller and hence the

2
term (%) can be neglected as compared to unit. The above expression thus becomes
X
2
1.9y ©)
p dx
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Elastic curve P il T
7

{.T
~ b | T y+dy
l

(] 6+ do
X
o
Figure 2
From theory of pure bending, it is known that
M_E
I p
1 M
=== (4)
p El
From Eq, (3) and (4) we get
g9 _ )
dx®

Equation (5) is the governing equation of deflection of beam, also known as equation of
elastic curve.

Boundary condition

The equation of elastic curve or the governing equation for deflection of the beam is a second
order differential equation; hence we need to know two boundary conditions to find out two
constants of integration for complete solution of the problem. The boundary conditions
generally come from the support conditions, where either the slope or the deflection is
known. Sometimes, due to symmetry of the beam, as in the case of a simply supported beam
with point load at the centre of the beam or uniformly distributed load throughout the beam,

an intermediate point representing the point of symmetry may give a boundary condition.

| =
K‘M = - —
A=0 R“mx NG A=0 =0
. ~
(a) Roller support (b) Pin support {c) Built-in or Fixed support

Figure 3
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General procedure for computing deflection by integration

1. Select the interval or intervals of the beam to be used and place a set of coordinate
axis on the beam with the origin at one end of an interval and then indicate the range
of values of x in each interval.

2. List the variable boundary and continuity or matching conditions for each interval.

3. Express the bending moment M as a function of x for each interval selected and
equate it to El(dzy/dxz).

4. Solve the differential equation from step 3 and evaluate all constants of integration.

Calculate slope (dy/dx) and deflection (y) at the specific points.

Numerical Problems
Problem 1.
Derive the equation of elastic curve and find the slope and deflection at the free end of the

cantilever beam shown in the Figure 4.

W
A B l

< L

Figure 4
Solution.

Figure 5

Determine the support reactions
Sum of the vertical forces ,ZV =0, R, =W

Sum of the vertical forces , » M, =0, M, =WL
Taking moment about any section between A and B over the entire length of the cantilever,

we have
M (x) = “WL +Wx

The equation of the elastic curve may be written as

22



Integrating with respect to x, we get

dy 2
El6O=El == -WLx+ +C, (6)
dx
Integrating again with respect to x, we get
2 3
Ely= - WX WXZ e xc, (7)

The constants integration C; and C, may be determined from the boundary conditions.

x=0,=0and x=0,y=0
Substituting x=0, &=0 in Eq. (), we get C, =0

Substituting x=0, y=0 inEq. (), weget C, =0

Substituting the values of C, =0 and C, =0 in Eqg. () and Eq. (), we get

2
General equation for slope El@ =EI g_y: —WLx +WX (8)
X
2 3
General equation for deflection Ely= _WL2x +W:3( 9)
2
Slope at free end (x = L) Elg, = —WL? +WL
B _WL2
® 2El
WL wx®
Slope at free end (x = L) Ely, = — > e
y. = _WL3
°  3El
Problem 2.

A cantilever beam of length L carries a uniformly distributed load of w per unit length over

its entire length. Determine the slope and deflection at the free end of the beam.
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w / unit length

L

A

Figure 6

Solution.

Figure 7

Determine the support reactions
Sum of the vertical forces ,ZV =0, R, =wL

_wL2
2

Sum of the vertical forces ,ZM A =0, M, =

Taking moment about any section between A and B over the entire length of the cantilever,
we have
wL®  wx?

M(x)=— 5y WX

The equation of the elastic curve may be written as

El —=- - +wLX
dx 2
Integrating with respect to x, we get
2 3 2
Elg-g Y WX _w WXt o (10)
dx 2 6 2
Integrating again with respect to x, we get
wlex?  wx* wkx®
Ely=— — + +C,x+C 11
y 2 I X+, (11)

The constants integration C; and C, may be determined from the boundary conditions.

x=0,=0and x=0,y=0
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The constants integration C; and C, may be determined from the boundary conditions.

x=0,=0and x=0,y=0
Substituting x=0, =0 inEq. (), weget C, =0

Substituting x=0, y=0 inEq. (),weget C, =0
Substituting the values of C, =0 and C, =0 in Eqg. () and Eq. (), we get

2 3 2
General equation for slope El6 =EI Q =— wL'x_ wx + wLx (12)
dx 2 6 2

4 3

wL?x?  wx*  wlx

General equation for deflection Ely=— — + (13)
4 24 6
L3 3 L3
Slope at free end (x = L) Elg, =- who_wxe W
2 6 2
. WL?
® 6EI
wL*  wx?* owl?
Slope at freeend (x=L Ely, = — _ +
P (x=1) e 4 24 6
B _WL3
® BEI
Problem 3.

Determine the slope at the end supports and deflection at centre of a prismatic simply

supported beam of length L carrying a point of W at the mid span.

Figure 8

Solution.
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Figure 9

. . . W .
The beam is symmetrical, so the reactions at both ends are o The bending moment

equation will change beyond the centre position but because the bending will be symmetrical
on each side of the centre we need to only to solve for the left hand side.

Taking moment about any section between the left hand supportA and the centre of the beam,

we have
W
M(X)=—-—X
()=-2
The equation of the elastic curve may be written as
2
grdy_ W
dx 2
Integrating with respect to x, we get
2
elo-e1 Y- W ¢ (14)
dx
Integrating again with respect to x, we get
WX3
Ely=— T +C,x+C, (15)

The constants integration C; and C, may be determined from the boundary conditions.
AtAx =0, y=0 (No deflection at roller supported or hinged ends)
AtC x= % ¢ =0 (Tangent to the elastic curve is horizontal at the centre)

WL?
16

Substituting x = % 6=0 inEq. (14),weget C, =
Substituting x=0, y=0 in Eq. (15), we get C, =0

2

Substituting the values of C, = V\{—I(; and C, =0 in Eq. (14) and Eq. (15 ), we get
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2 2
General equation for slope El@ =EI ﬂ: _ W +WL (16)
dx 4 16
3 2
General equation for deflection Ely= _ W +WL X a7
12 16
2 2
Slope atend A(x = 0) E|9A:_M+V£
4 16
_owe?
A 16EI
3 2
Deflection at the centre (x = Lj Ely. = _W(L +WL L
2 12\ 2 16 (2
WL w?
Ely. =- +
o= " 96 T3
Yoz — w®
¢ 48El
Problem 4.

Determine the slope at the end supports and deflection at the centre of a prismatic simply
supported beam shown in the Figure 10 carrying uniformly distributed load of w per unit

length over the entire span of the beam.

w { unit length

J{
C

L

Figure 10

Solution.

w { unit length

Figure 11
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. . . wL .
The beam is symmetrical, so the reactions at both ends are - The bending moment

equation will change beyond the centre position but because the bending will be symmetrical

on each side of the centre we need to only solve for the left hand side.

Taking moment about any section between A and B over the entire length of the cantilever,

we have

wbx  wx?
M=

The equation of the elastic curve may be written as

2 2
EId y:wLx_vvx

x> 2 2
Integrating with respect to x, we get
2 3
Elg-g Y WX W o
dx 4 6
Integrating again with respect to x, we get
2 4
Ely= wix® _ wx +Cx+C,
12 24

The constants integration C; and C, may be determined from the boundary conditions.

At Ax=0, y=0 (No deflection at roller supported or hinged ends)

L . . i
AtC x= > 6 =0 (Tangent to the elastic curve is horizontal at the centre)

Substituting x = % ¢ =0 inEg. (18), we get

EI(0) =WTL&J —%(gj +C,

wL®  wl®
1:__+_
16 48
_ow’
! 24

Substituting x=0, y=0 in Eq. (15), we get C, =0

3

Substituting the values of C, = —% and C, =0 in Eq. (18) and Eq. (19), we get

(18)

(19)
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3

2 3
General equation for slope El6 = El ﬂ = WLxT_ wx?_ wl (20)
dx 4 6 24
3 4 3
General equation for deflection Ely= wLx _wx_ wl X (21)
12 24 24
WL, o W,ne WL
Slope atend A(x=0 Elg,=—(0)"——(0) ———
pe atend A (x=0) = OF 2P -
_oowl’
A 24EI
3 4 3
Deflection at the centre (x = Lj Ely, = W_L[E) _ﬂ[EJ _E(Ej
2 122 24\ 2 24 \ 2
wLt owLt o owl?
Ely. = - -
96 384 48
yo = wL*
¢ 384El
Problem 5.
Determine the slope and deflection of the prismatic simply supported beam under the point
load.
W
Li4—sfe——3L/4 ———>
Figure 12
Solution.

Figure 13
Determine the support reactions
Sum of the vertical forces ,ZV =0, Ry +Rg =W
Sum of the vertical forces , » M, =0, R,x L=Wx %L
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3L
4
Bending moment over the portion AC and CB of the beam may be expressed by two different

Ra

functions and hence the equations for elastic curves.

For portion Ato C (x <%)

Taking moment about any section between A and C, we have
3Wx
M, (x)= 4

The equation of the elastic curve may be written as
2
E|d_{1=%
dx 4
where yl(x) is function which defines the elastic curve for portion AC of the beam.

Integrating the equation we get,

2
EIHI:EI%::M;X L+C, 22)
X
3
Ely, =V\%+clx+c2 (23)

For portion C to B(x > %)

Taking moment about any section between A and C, we have

M, (x)= %—W(x—%)

The equation of the elastic curve may be written as

2
g9 Yo %—W(X—Ej
dx 4 4

On rearrangement of terms, we get

E|d2yz__V\_’X+V£
x> 4 4

where y,(x) is the function which defines the elastic curve for portion CB of the beam.

Integrating the equation we get,

dy,  Wx*®  WLx

ElQ, = + +C 24

2 dx 8 4 s (24)
Wx®  WLx?

Ely, =— + +C,x+C 25

Y, o4 3 3 4 (25)

Determination of constants of integration from boundary conditions and continuity

conditions

Boundary conditions: At support A,x=0,y, =0 and at supportBx=1L, y, =0
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Continuity conditions: There can be no sudden change in the slope and deflection at C which

requires that at x = % 0,=0,andy, =y,

Substituting x =0,y, =0 in Eg. (23), we get
C,=0
Substituting x=L,y, =0 in Eq. (25), we get

oW

0 > +C,L+C,

Substituting x = % 6, = 0, into the Eq. (22) and (24) and equating the slopes at the point C,
the boundary of two segments AC and CB, we get

2 2
E I LS
128 128

Substituting x = % y, =Y, into the Eq. (23) and (25) and equating the deflections at the
point C, the boundary of two segments AC and CB, we get

we* Cc L 1w® C,L
+ = + +C,
512 4 1536 4

Solving these equations simultaneously, we get
2 2 3
C, =—ﬂ, C,=0,C, _ 1w and C, _ W
128 128 384

Substituting C, and C, into Eq. (22) and (23) and for x s%

2 2
Elg, = W WL 26)

8 128

Wx®  7WL2x
Ely, =2 — 27
h="g 128 (27)

Substituting x = % into Eq. (26) and (27), we get

_ow andy, = - WK
¢ 32El ¢ 256EI

Macaulay's method

Double integration method is a convenient and effective way for solving the slope and
deflection of prismatic beam as long as the bending moment can be represented by a single
function of M(x). However, it is not always the case. When the loading of the beam is such

that two or more functions are needed to represent the bending moment over the entire length
31



of the beam, as was the case in the previous problem. In such cases, additional constants of
integration and as many numbers of equations become necessary to express continuity
conditions at the points of load change-over in addition to the boundary conditions. Thus the
process becomes lengthy and cumbersome. To overcome this difficulty, British engineer W.
H. Macaulay proposed an innovative approach of solving such problems by using singularity
function to express the bending moment over the entire length.

The execution of Macaulay's method is explained by way of solution to Problem 5.

Li4 —>|-— 3L/4 ———>

Figure 14
Solution.
Determine the support reactions
Sum of the vertical forces, ZV =0, Ry +Rg =W
Sum of the vertical forces, ZM s =0, Ry X L=Wx %L
3WL
RA = T
Bending moment over the portion AC and CB of the beam may be expressed by two different
functions as
3Wx L
M, (X)= — 0<x<—
=2 (0sx<t]
MZ(X)ZM—W x—t Lex<t
4 4 4

wherex is the distance measured from end A. The functions M,(x) and M,(x) may be
represented by single expression as

M (x)= # —W<x—%>

If we want to compute slope and deflection in the portion CB i.e., when x > % the brackets
< >shou|d be replaced by ordinary parentheses ( ) Similarly if we want to compute slope

and deflection when x <%, the brackets ( )should be replaced by zero.

Thus the equation of elastic curve over the entire length of the beam may be written as
2
g dy_ —W<x—£>

dx> 4 4
Integrate with respect to x considering the bracket< >as a single variable.
2 2
Elo—p & W W/ LY e (28)
dx 8 2 4
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Follow the same rule and integrate again with respect to x.

Wxe W L\®
Ely = ——(x——) +C,x+C 29
PTTA -

The constants C; and C, may be determined from the boundary conditions.
Atx=0,y=0andatx=L,y=0

L
Forx = 0<Z' the brackets are equal to zero, hence C, =0

For x=L> % the brackets may be replaced by parentheses,

3 3
0 :WL —V—V(L—Ej +C,L
8 6 4

oweoowe®

8 128
TWL?

1T 128

Substituting the value of C; in Eq. (28) and C; and C; in Eq. (29), we get

+C,L

2 2 2
General equation for slope Elo=El dy _ 3k _V_V<X_£> _ WL (30)
dx 8 2 4 128
3 3 2
General equation for deflection Ely = W W x—E _ M (31)
8 6 4 128

The need for additional constants C; and C4 as in Problem 5 has been eliminated and hence

need for writing additional equations of continuity for slope deflection.

Substituting the value of x = %in each of the above equations, we get

2
GC:—WL and
32El
yoo o L
¢ 256El

Problem 6.
Determine the slope and deflection at points B of the beam shown in the Figure. 15. Take E =

200 GPa and | = 250(10°) mm?*,

10 kN

Figure 15

Solution.
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30 kN.m

C
Ry= 101d~c| im | 3m
Figure 16

Determine the support reactions
Sum of the vertical forces, > V =0, R, =10kN

Sum of the vertical forces ,ZM A =0, M, =10x3=30kN.m
Considering from the left hand side and taking moment about any section between C and B,

we have
M (x)=10x —30 —10(x — 3)

Do not simplify. On simplification the moment becomes zero between B and C which is

obvious.

Thus the equation of elastic curve over the entire length of the beam may be written as

2
9% _10x—30-10(x-3)

El =
dx?

Integrate with respect to x considering the bracket< >as a single variable.

EIG:EIg—y:SXZ—30x—5<x—3>2+C1 (32)
X

Follow the same rule and integrate again with respect to x.

Ely= 5§x3—15x2 —%(x—B)3 +C,x+C, (33)
The constants C; and C, may be determined from the boundary conditions.
At x=0,0=0and x=0, y=0

For x = 0< 3 m, the brackets are equal to zero, hence from Eqg. (32) C; = 0 and from Eqg. (33)
Cz =0

Substituting the values of C; and C; in Eq. (32) and (33), we get

General equation for slope El0 = El :—y= 5x? —30x —5(x —3)° (34)
X
General equation for deflection Ely= %xe’ —15x? —%(x —3)3 (35)

Substituting the value of x = 6in each of the above equations, we get
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From Eq. (34) the slope,

From Eqg. (35), the deflection

El6, =5(6)° —30 x 6—5(6—3)°

B
El

B

45kN.m?

O =~ kN
[200x106 2) x (250 x 10° m*)
m

6, = —0.0009 radian
5

Ely, = = (6)° ~15(6)° - > (6-3)

Ely, =360-540-45

y = — 22
® El
225kN.m?
Yo =~ kN
(200 x 10° 2) x (250 x 10 m*)
m

yg =—0.0045m =-4.5mm

For the equation of elastic curve between A and C, neglecting the bracketed term in Eq. (35),

we get

Ely= %xg —15x?which is cubic

For the equation of elastic curve between C and B, considering the bracketed term in Eq. (35)

and replacing with parentheses, we get

5 5
Ely= =x3®-15x> - =(x-3)
y=73 3( )

Ely= %xa —15x%? —g(x3 —9x% —27x+27)

Ely=45x —45which is linear

The elastic curve of the beam with the salient points is shown in the figure
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A C B

B
HE = - .0009 radian

Straight line

Problem 7.

The cantilevered beam shown is subjected to a uniformly distributed load w per unit length.

Determine the slope and deflection at point C and B. Also draw the elastic curve. El is

constant.
w / unit length
I L
Figure 17
Solution.
Y-
T * ;—- x
3wL /8
C B
_wl g
Figure 18

Determine the support reactions

. L
Sum of the vertical forces ,ZV =0, R, = W7

2
Sum of the vertical forces, » M, =0, M, = _WTLX%L __ 3"2‘

Considering from the left hand side and taking moment about any section between C and B,

we have

2 2
M(x):—BWL +W—Lx—v—v(x—£)
8 2 2
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Following Macaulay’s method, the equation of elastic curve over the entire length of the

beam may be written as

2

g &y _ s owoow/ o LV
dx? 8 2 2

Integrate with respect to x considering the bracket< >as a single variable.

2 2 3
Elo—g Y o 3Wx wxd wi LV e (36)
dx 8 4 6 2
Follow the same rule and integrate again with respect to x.
2,2 3 4
EIy:—BWLX +WLX W x—E +C,x+C, (37)
16 12 24 2

The constants C; and C, may be determined from the boundary conditions.

At x=0,0=0and x=0m, y=0

For x = 0<% , the brackets are equal to zero, hence from Eq. (36) C; = 0 and from Eq. (37) C,
=0

Substituting the values of C; and C; in Eq. (36) and (37), we get

2 2 3
General equation for slope El6 =ElI dy __SwLx + WLx” _w X L (38)
dx 8 4 6 2
22 3 4
General equation for deflection Ely=- 3wl x + whx” _w X L (39)
16 12 24 2

Substituting the value ofx<% in each of the above equations and equating the bracketed term

as zero, we get

2 2
From Eq. (37) the slope at C, El6, _SwlL owi(L
8 2 41\2
3 3
El0, _ 3wl wl
16 16
o
¢ SEl

37



2 /1 \2 3
From Eq. (39) the deflectionat C, Ely = _wli Ly wifL
16 (2 12\ 2
4 4
Ely=— 3wL N wL
64 96
yo =— 7wL?
¢ 192El

Substituting the value ofx<L in Eq. (38) and (39) and replacing the brackets by parentheses,

we get

= L-—
4 6l 2

2 3
From Eqg. (38) the slope at B, ElG, = _SWLL WL L2 _"_V[ LJ

3wL? N wl wld

Elg, =—
4 48

B 7wL®
48E|

B

2y 2 3 4
From Eq. (39) the deflectionat B,  Ely, __SwiL + wil® w L—L
16 12 24 2
3wL®  wLt owL?
Ely, =— + -

16 12 384
4w
®  384EI
A (N &C EB

Parabolic

HC Cubic

Figure
Problem 8.
Determine the maximum deflection, the slope and deflection at points C of the beam shown

in the figure. Also, draw the elastic curve of the beam. Take E = 200 GPa and | = 60(10°)

mm?®,

S kN
‘ﬁ
C

| 9m 3im

Figure 19
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Solution.

Figure 20
Determine the support reactions
Sum of the vertical forces, ZV =0, R,+R; =8
Sum of the vertical forces, > M, =0, R,x12=8x 3
R, = 2kN

Considering from the left hand side and taking moment about any section between C and B,

we have

M (x)= 2x —8(x —9)

Following Macaulay’s method, the equation of elastic curve over the entire length of the

beam may be written as

2
I _2x—8(x—9)
dx

=

El

Integrate with respect to x considering the bracket< >as a single variable.

EIQ:EI%: x? —4(x-9)" +C, (40)

Follow the same rule and integrate again with respect to x.
EIy:%x3—g<x—9>3+Clx+C2 (41)

The constants C; and C, may be determined from the boundary conditions.

At x=0,y=0and x=12m, y=0

For x = 0< 9 m, the brackets are equal to zero, hence from Eq. (41) C, =0

and for x =12 > 6, from Eq. (41)

E1(0)= %123 —%(12—9)3 +C, x12
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12C, = ~ 1120 + 2 (12— 9)
3 3

C,=-45

Substituting the values of C; and C; in Eq. (40) and (41), we get

General equation for slope El0 = El g—y= x? —4(x —9)" — 45
X
General equation for deflection Ely= %x3 —~ §<x - 9)3 — 45x
Substituting the value ofx< 4 in each of the above equations, we get
From Eq. (42) the slope, El6, = (9)° —45
36
0, = —
® El
2
0, = 36kN.m

6, = 0.003radian

[200x106 k'\z'j x (60x 10 m*)
m

From Eq. (43), the deflection Ely, = %(9)3 —-45x9
y, =162
® El
162kN.m*
Yo =~ kN
(200 x 10° 2) x (60 x 10 m*)
m

Yg = —0.0135m =-13.5mm

For maximum deflection, the slope must be zero.

(42)

(43)

Let us assume that the maximum slope would occur in the portion AC, equating the slope

equation in (42) without the bracketed term to zero
x* —45 =0 assa
X = +/45 = +6.708 m

Neglecting the — ve sign, the deflection would occur at x =6.708 m
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Maximum deflection, Ely,,, = %(6.708)3 —45x6.708

Ely, . = %(6.708)3 — 45%6.708

y 200246
max EI

200.246 kN.m?
Ymax =~ kN
[200 x 10° 2] x (60 x 10 m*)
m

Ymax = — 0.01668m = —-16.68 mm

Me=1335mm B
.‘{
b\~_ Y

/ Dmax = 16.68 mm ¢ i~ =0.003 radian

Elastic curve

Problem 9.
Determine the slope and deflection at points Cof the beam shown in the Figure. 15. Take E =

200 GPa and | = 250(10°) mm*,

v

Figure 21

Solution.



Determine the support reactions

Sum of the vertical forces, ZV =0, R,+Rg=15x6=9
Sum of the vertical forces, ZMB =0, R, Xx12=15Xx6 X g
R, = 2.25kN

Considering from the left hand side and taking moment about any section between C and B,

we have
M (x)= 2.5x —1.5(x — 6)@

= 2.5x—0.75(x — 6)*

Following Macaulay’s method, the equation of elastic curve over the entire length of the

beam may be written as

2
El 2 Y 25%-0.75(x—6)’
X

Integrate with respect to x considering the bracket< >as a single variable.

El0 = El g_y: 1.25x* -0.25(x—6)" +C, (
X

Follow the same rule and integrate again with respect to x.

E|y=%x3—%<x—6>4+01x+C2 (41)

The constants C; and C, may be determined from the boundary conditions.
At x=0,y=0and x=12m, y=0

For x = 0< 6 m, the brackets are equal to zero, hence from Eq. () C, =0
andx = 12 > 6 from Eq. () the brackets being replaced with parentheses

EI(0)= % x 12° —0'725(12—6)4 +12C,
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12C,=-720+81

c,- -9 _ 5325
12

Substituting the values of C; and C; in Eq. (40) and (41), we get

E10 = EI 3y 1.25x> —0.25(x — 6)° —53.25
X

x—6)* —53.25x

ey 125 0 025<

3

Slope and deflection of commonly loaded simply supported beam

Beam load and support Deflection

3

48EI

At centre A,

(a) Pomt load at mid-span

W W
L3 3
|"—’l -~ At centre A, _ 2
~ B48EI

e

(b) Two equal point loads at third points

WL

At centre A, = 20.1E]

(c) Three equal point loads at quarer points
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w./ unit length

A 4
’ﬁ I ﬁ 2 At centre A __ = WL

5 I 384E|

(d) Unformly distributed load

Principle of superimposition

For linear response structures, the structural responses such as slope and deflection due to
several loads acting simultaneously may be obtained by superposing the effects of individual
loads. This is called principle of superposition.

The principle of superposition is valid under the following conditions

1. Hooke's law holds for the material
2. the deflections and rotations are small
3. the presence of the deflection does not alter the actions of applied loads

These requirements ensure that the differential equations of the deflection curve are linear. A
very useful application of the principle of superposition is to determine the deflection of
statically indeterminate beams. In the present discourse we will restrict our study only to
propped cantilever which falls within the scope of the syllabus.

MOMENT-AREA METHOD

Introduction

In this section we will discuss on the evaluation of slope and deflection of beams employing
moment-area method. Unlike previous section, beams with non-uniform EI or flexural
rigidity can be dealt with. Slope and deflection of non-prismatic beams with continuously

varying moment of inertia can be conveniently determined.

Moment- Area Method

The moment-area method is one of the most effective methods for obtaining the bending
displacement in beams and frames. For problems involving several changes in loading, the
area-moment method is usually much faster than the double-integration method,;
consequently, it is widely used in practice. In this method, the area of the bending moment

diagrams is utilized for computing the slope and or deflections at particular points along the
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axis of the beam or frame. Two theorems known as the moment area theorems are utilized for
calculation of the deflection. One theorem is used to calculate the change in the slope
between two points on the elastic curve. The other theorem is used to compute the vertical
distance (called tangential deviation) between a point on the elastic curve and a line tangent
to the elastic curve at a second point.

Theorem I:

The change in slope between the tangents to the elastic curve at any two points on a straight
member under bending is equal to the area of the M/EI diagram between these two points.

Theorem I1:

The vertical deflection of a point B on an elastic curve of a straight member under bending in
the direction perpendicular to the original straight axis, with respect to the tangent drawn at
another point A on the member, is equal to the moment of the area under the M/EI diagram

between those two points about the point B where this deflection occurs.

o

Elastic curve

(b) M/EI Diagram
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Figure 1
Derivation

Consider Figure 1 showing the elastic curve of a loaded beam. On the elastic curve tangents
are drawn on points A and B . Total angle between the two tangents is denoted as 6,;. Take

any two points 1 and 2 at a distance dxapart on the straight beam. The distance between

these two points on the elastic curve is same as dx (assumption).

In order to find outé,;, consider the incremental change in angle dé over an infinitesimal

segment dx located at a distance of x from point B . The radius of curvature R and bending

moment M for any section of the beam is given by the usual bending equation (Theory of

bending).
M E
2z _= 1
TR 1)
whereE is the Young's modulus and | is the moment of inertia
The elementary length dx and the change in angle dé are related as,
dx=dOxR 2)

Substituting R from Eq. (2) in Eq. (1)

M
do =—dx 3
£l ©)

The total angle change can be obtained by integrating Eq. (3) between points A and B which

is expressed as

B B M
A, =Id9=f§dx (4)
A A

6, —6, = Area of M/EI diagram between A and B

Change in slope between the tangents drawn at any two points on the elastic curve

= Area of % digram between the two points on straight beam

The distance dt along the vertical line through point B is nearly equal to

dt =x xdé
Integration of dt between points A and B yields the vertical distance between the point B and

the tangent from point A on the elastic curve. Thus,
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de

T (5)

B B
toa :J.xdG:J.
A A

Vertical deflection of second point with respect to the tangent drawn at first point

= Moment of Area of % digram between the two points

on the straight beam about the second point at which the
vertical deflection is required

Sign convention
The deviation at any point on the elastic curve is positive if the point lies above the tangent,

negative if the point is below the tangent; we measured it from left tangent, if € is counter-

clockwise direction, the change in slope is positive, negative if 6 is clockwise direction.

Procedure for analysis

1.

Sketch the loaded beam and determine the support reactions from equations of static
equilibrium.

Draw the moment or M/EI diagrams (either by parts or composite diagram, depending
on the complexity of the problem).

Draw the elastic curve. A beam subjected to +ve bending moment bends concave up,
whereas -ve moment bends the beam concave down.

Identify a point of zero slope if any, either from symmetry or from supports. A
tangent drawn at this point will frequently be useful. Visualize which tangent lines
may be most helpful, and draw such lines on the elastic curve.

By application of the second area-moment theorem, determine the tangential
deviation at the point where the beam deflection is desired and at any other points
required.

From geometry, determine the perpendicular distance from the unloaded beam to the
tangent line at the point where the beam deflection is desired, and, using the results of

step 3, solve for the required deflection.

Slope and deflection of cantilever beam
Slope and deflection of simple supported beam
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Geometric properties of common plane figures
Sl. No.  Name of figure Diagram Area
1 Rectangle
co
Area =Lh
| L
-]
- _L = _1I
177 Ty
2 Square parabola
co 1
Area==Lh
3
L
|--l—--|
- _L = _ 3
|
3 Triangle
G
L Area = 1 Lh
L 2
|*'ﬁ"'|
= +ta — _L+tb
S
4 Right-angled
triangle
1 e Area=1Lh
| - i
--—--I
= = 2L
CG 2
B I-'-—h-
— _ b (a+2b)
173 @ 5
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Section |: Cantilever beam
Problem 1.

A cantilever of span L carries a point load W at the free end. Determine the slope and

deflection at the free end.

[

Agl B
| |
I~ L -
Figure 2
Solution.
Determine the support reactions,
Sum of the vertical forces, XV = 0; Ra=W
Sum of the moments about A, XM, = 0; Ma =-WL
ﬁ.—'
M, C{ ﬂ l 5
' ET costant
Ry|= L -.—-I
(2) Beam with upport reactions
ol O
(b) Bending moment diagram
NiA NS
}:*TI
- (c) M/EI Diagram
z{ F B
i - :“::;%\33

(d} Elastic curve

Figure 2

N\ﬁg
1

B L6

Draw bending moment diagram as shown in the Figure 2(b) and M/EI diagram by dividing
ordinate of the bending moment diagram by EI as shown in Figure 2(c).
Draw an exaggerated shape of the probable elastic curve as shown in Figure 2(d). It is known
that the tangent drawn at fixed end A on the elastic curve would follow the original beam,

hence slope at A, ,= 0. Let the slope at B be 6.
Applying first theorem of moment-area

The change in slope between the tangents drawn at two points on the elastic curve,

Ops =0 — O = Area of the M/EI diagram between A and B
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Oy =— (Clockwise rotation)
2EI

Applying second theorem of moment-area
The tangential deviation of point B with respect to the tangent drawn at point A which in this
case is also the deflection of free end B with respect to the original beam position,
A = Moment of the area of M /EI diagram about point B
Ag = 1 L x WL X 2L
2 El 3
WL?

Ag=— (Downward deflection)
3EI

Problem 2.
A cantilever of span L carries a point load W at a distance of a, from the fixed end. Determine

the slope and deflection at the free end.

Solution.

[~
S
s

]
=
Y

Figure 3
Determine the support reactions,
Sum of the vertical forces, XV = 0; Ra=W
Sum of the moments about A, XM, = 0; Ma =-Wa
Draw bending moment diagram as shown in the Figure 4(b) and M/EI diagram by dividing

ordinate of the bending moment diagram by EI as shown in Figure 4(c).

Draw an exaggerated shape of the probable elastic curve as shown in Figure 4(d). It is known
that the tangent drawn at fixed end A on the elastic curve would follow the original beam,
hence slope at A, #,= 0. The portion CB of the elastic curve would remain as straight as there
is no loading on the original cantilever. Let the slope at C be #c. The slope at B is also the

same as 6c.
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-

My 4

R
=<

- L -

(2) Beam with upport reactions

A C B

(b) Bending moment diagram

A C B

WL ﬁEV
al

(c) M/EI Diagram

C
;"i -, g B
‘Mff s A

(d} Elastic curve

)
oy
-
b=

Figure 4
Applying first theorem of moment-area
The change in slope between the tangents drawn at points A and C on the elastic curve,
Oac =0c — O = Area of the M/EI diagram between A and C

0. - 0= 1ax Wa
2 El
2
O :_VZV;I (Clockwise rotation)

Applying second theorem of moment-area
The tangential deviation of point B with respect to the tangent drawn at point A which in this
case is also the deflection of free end B with respect to the original beam position,

A, = Moment of the area of M /EI diagram about point C

2 El 3
3
Ac= _\;VZI (Downward deflection)
From geometry of the elastic curve,
Wa?

Slope at freeend, BO, = 6, = —

2El
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Deflection at B, A,=BB' =BB"+B"B'= A +(L—-a)d,
3 2
= WijL(L—a)Wa
3EI 2EI
Wa® Wa’L Wa®
Ag= + -
3El  2ElI 2EI
Wa’L Wa®
Ag= -
2EL  6EI

Ag

Problem 3.
A cantilever beam of length L carries a uniformly distributed load of w/unit length throughout

its length. Determine the slope and deflection at its free end.

Solution.
Sum of the vertical forces, XV = 0; Ra=W

L WL?
Sum of the moments about A, XMx = 0; M, = —WLE =— 5

Draw M/EI diagram by dividing ordinate of the bending moment diagram by EI as shown in
Figure 5(b).

wiunit length
?
H" Gi ?: i J b4 b ¥ ¥ l‘ b b B
1: L >
(a)

(b)
tangent at .4
L Ag
E2 T
(c) ~1 83
Figure 5

Applying first theorem of moment-area
The change in slope between the tangents drawn at two points on the elastic curve,
Opg =0 — O = Area of the M/EI diagram between A and B

2
7 —Oz—le WL
3 2El
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3
7 :—WL (Clockwise rotation)
6EI
Applying second theorem of moment-area
The tangential deviation of point B with respect to the tangent drawn at point A which in this
case is also the deflection of free end B with respect to the original beam position,

Az = Moment of the area of M /EI diagram about point B

2
AB:ELX(-WL Jx3—|‘

2El 4

4
Ag= —\évél (Downward deflection)

Problem 4.

Using the moment area method, determine the slope and deflection at free end B of the
cantilever beam as shown in Figure 6. The beam is subjected to uniformly distributed load
over entire length and point load at the free end.

. W
” W/ mnit length
=
é y l ¥ ¥ ¥
‘{ ’é r w ¥ 4 B
%
% L »
Figure 6

Solution.

Determine the support reactions,
Sum of the vertical forces, XV = 0; Ra=W
Instead of drawing composite M/EI diagram, it is convenient to M/EI diagrams in parts, one

each for point load and uniformly distributed load.

Bending moment about A due to point load W, M, =-WL

. L wL?
Bending moment about A due to udl, M, = —WLE =— 5

Applying first theorem of moment-area
The change in slope between the tangents drawn at two points on the elastic curve,
Ops =05 — O = Area of the M/EI diagram between A and B

2
QB—OZELX W +£Lx _w
2 El ) 3 2El

oweowe
B 2ElI 6EI

(Clockwise rotation)
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[
ta
()
g MR
£
*
+*
e
=<

tangent at 4
2 #§.=0 k
F
-1_""‘1--.
S, Ap
(d) 18
Figure 7

Applying second theorem of moment-area
The tangential deviation of point B with respect to the tangent drawn at point A which in this
case is also the deflection of free end B with respect to the original beam position,

Az = Moment of the area of M /EI diagram between about point B

2
Ag= 1 Lx( WL) X &—ELX(WL Jx&

2 UEl)” 3 3 "\2E1) 3
2
AB=1LX % X&—FELX W xﬁ
2 El 3 3 2ElI 4
3 4
AB=—WL W (Downward deflection)
3ElI 8ElI

Problem 5.
Using the moment area method, determine the slope and deflection at B of the cantilever

beam as shown in Figure 8. The beam is subjected to uniformly distributed load over entire

length and point load at the free end.
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w/umnit length

w W ¥ L‘ L w C
B

«—— L/2 —>e—— [ /2 —>

RS
-

Figure 8
Solution.

Determine the support reactions,
Sum of the vertical forces, 27 = 0; Ra=W
Instead of drawing composite M/EI diagram, it is convenient to draw M/EI diagrams in parts,

one each for point load and uniformly distributed load.

Bending moment about A due to point load W, M ,, =-WL
Bending moment about B due to point load W, M, =-WL

2
Bending moment about A due to udl, M,, = —WL% = —W;'

2
Bending moment about B due to udl, Mg, = —WTL% =— WEI;

Before applying moment-area theorems, divide the M/EI diagrams into three parts as shown.
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w/unit length
%
7 |
"4 y L i l" L L 3
{ f{ ’ b b o
%
— L 2 > L/ 2 >
(a)
2L/ 3
< | I
WL . EI
2EI _L
2
L H
EI (b)
: M
_'_'______=——l- -
EI
'h.l
3L/ 4
tangent at .4
2 8,=0 \
o Ty = _\_:} *
e - fcafﬂc
(d) 15,
Figure 9

Applying first theorem of moment-area
The change in slope between the tangents drawn at two points A and B on the elastic curve

which in this case is the slope at point B.
Total slope at B = Slope due to point load + Slope due to udl
Slope at B on account of point load,
01 = Area of the M/EI diagram between A and B

Oy = A+A
1L WL WL L. WL
Opy==——Xy———| —— | +| =X-—
22 El 2El 2 2El
WL?  WL?
Oy = — -
8EI 4El
2
Oy =— 3;’:’; (Clockwise rotation)

Slope at on account of udl,
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1L wL? wL? L wL?
Ogy= =—X3————| — +| =x-
32 2ElI 8EI 2 8EI

L 3wL? wL?
Og, = —X3— +| -
6 8ElI 16ElI

wLe owL’
Opp = — -
48El 16El
3
Oy, =— oWl (Clockwise rotation)
48El
2 3
Total Slope at B, 6, =6, + 65, L (Clockwise rotation)
8El  48El

Applying second theorem of moment-area

The tangential deviation of point B with respect to the tangent drawn at point A which in this
case is also the deflection at B with respect to the original beam position,
Total deflection at B = Deflection due to point load + Deflection due to udl

Deflection at B on account of point load,
Ag, = Moment of the area of M /EI diagram about point B

ABl: Al)_(l + Az)_(z

WL2 2L WL? ) 1L
Ag, =|— X =——+4|— X=—
8EI 32 4El ) 22

o =[5 {5 o )

WL wL®
Ag = |~ +
24El 16EI

5WL?

~ 48EI
Deflection at B on account of udl,

Ag, = Moment of the area of M /EI diagram about point B
Ag, = AX + AX,

1L wL? wL? 3L (L. wL? 1L
Agy==—X3———| - X=—+|—=X- X ==
32 2El 8El 42 |2 8EI 22

1L ( 3w|_2j 3L [L WLZ] 1L
Ag,=—=—=X| — XZ§+ —X X

e (Downward deflection)

32 SEI 2" 8ElI) 22
ooowtowf
B2° 128El 6AEI
4
B2 = — Sk (Downward deflection)
128EI
3 4
Total deflection at B, Ay +A;, = _SWLT_ 3wl
48El 128El

Problem 6.
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Determine the slope and deflection at points B and C of the beam shown in the Figure. Take

E = 200 GPa and | = 250(10°%) mm*

OkN

A B C

g =——|

45m
Figure 10
Solution.
9kN

81 kN.m C

(2) Beam with upport reactions

-40.5

- 81
(b) Bending moment diagram

- 81/ET
(c) MVEI Diagram

(d) Elastic curve

Figure 11

Determine the support reactions,

Sum of the vertical forces, XV = 0; Ra=9
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Bending moment at B, Mg=-9x45=-40.5kN.m

Bending moment at A Ma=-9x9=-81KkN.m

Draw bending moment diagram as shown in the Figure xx(b) and M/EI diagram by dividing
ordinate of the bending moment diagram by EI as shown in Figure xx(c).

Draw an exaggerated shape of the probable elastic curve as shown in Figure xx(d). It is
known that the tangent drawn at fixed end A on the elastic curve would follow the original
beam, hence slope at A, 9,=0.

Before applying moment-area theorems, divide the M/EI diagram into two parts.
Area |: Trapezium

2
Area, A = %x4.5x( 81 40.5) _ 273.375kN.m

ElI EI El
40.5 81
1 e 2K
Distance of the c.g of trapezium from B, X, = =X4.5x Bl El\_55m
3 40.5 +§
ElI El

Area Il: Full triangle

El

2
Area. A - % ng( 81) o 364.5EkIN.m

Distance of the c.g of Area | from C, X, = §x9 =6m

Applying first theorem of moment-area
The change in slope between the tangents drawn at two points A and B on the elastic curve,
6, = 0,5 = Area of M/EI diagram between A and B

_ 273.375kN.m*

El
273.375kN.m?

(200 x 10° k’\zlj x 250 x 10~°m*
m

=—0.00547 rad (clockwise)
The change in slope between the tangents drawn at two points A and C on the elastic curve,
6. = 0,. = Area of M/EI diagram between A and C
_ 364.5kN.m*
El

364.5kN.m?

(200 X 10° k'\z'j x (250 x 10°m*)
m

=—0.00729rad
Applying first theorem of moment-area
Deflection at B, A; = Moment of the area of M /EI diagram between Aand Babout B

2
_ 273.37:IkN.m %2 5m
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2
_ 273.375kN.m X 2.5

(200 x 10° KN ) x(250 x 10°m*)
m

Ay =—-0.03167m=-13.67mm
Deflection at C, A, = Moment of the area of M /EI diagram between Aand C about C

2
_ _365.5EkIN.m 25

364.5kN.m?
= X6m

(200 x 100 KN j x(250 x 10°m*)
m

Ac=—0.04374m =—-43.74mm {

Problem 7.
Determine the slope and deflection at point B and C of the beam shown in the Figure xx.

Values of the moment of inertia of each segment are indicated in the figure. Take E = 200

Gpa.
10 kN
g A B L‘:
A\ 6 6
QIﬁa_g =8x 10 mm Ig-=4x10 mm
4m | Im
Figure 12
Solution:
Determine the support reactions,
Sum of the vertical forces, 27 = 0; Ra =10 kN
Bending moment at B, Mg=-10x3=-30kN.m
Bending moment at A Ma=-10x7 =-70 KN.m

Moment of inertia of part AB, Ixg = 8 x 10° mm?*

Moment of inertia of part BC, Igc = 4 x 10° mm*

lag = 2lgc = 21, where | = 4 x 10° mm*

Draw bending moment diagram as shown in the Figure xx(b) and M/EI diagram by dividing
ordinate of the bending moment diagram by EI as shown in Figure xx(c).

Draw an exaggerated shape of the probable elastic curve as shown in Figure xx(d). It is
known that the tangent drawn at fixed end A on the elastic curve would follow the original

beam, hence slope at A, ,=0.
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6 b
I‘,{EZSKIU mm-l' IBC:4X1|:| ﬂ:IIEI.-L

I S T S

(2) Beam with upport reactions

INET

- T0/ET (b) Bending moment diagram
| 567m— o
@ e //{ 8CG
TP e
|""—2 B7m —l--l I--I— T —-.-I

-35/E1

(c)} M/EI Diagram

(d} Elastic curve

Figure 13

Before applying moment-area theorems, divide the M/EI diagram into two parts.
Area |: Trapezium

2
Area, A < Lxay[ -3 _15)__100kNm®
2 El El El
15 35
1 E+2XE
Distance of the c.g of trapezium from B, X =—x4x| B _El 1-267m
3 E+§
El El

Distance of the c.g of trapezium from C, X, =2.67+3=5.67m
Area II: Triangle

El

2
Area, A, = 1x3x 301 _ _—45kN.m
2 El

Distance of the c.g of Area | from C, X, = §x3 =2m
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Applying first theorem of moment-area
The change in slope between the tangents drawn at two points A and B on the elastic curve,

0, = 0,5 = Area of M/EI diagram between A and B

_ 100kN.m*
El

100kN.m?

{zoo x 10° k'\z'j x (4x10°m*)
m

=—0.125rad (clockwise)
The change in slope between the tangents drawn at two points A and C on the elastic curve,
6. = 0, = Area of M/EI diagram between A and C

—A+A
_100kN.m* _ 45kN.m?

El El
145kN.m?

(200 x 10° k'\z'j x (4x10°m*)
m

=-0.18125rad
Applying first theorem of moment-area
Deflection at B, Ay = Moment of the area of M /EI diagram between Aand Babout B

2
=——1OOE':"m X2.67m

2
- L00kN.m X2.67m

(200 x 10° KN ] x(4x10°m*)
m

Ag = —0.334625m = —334.625mm |
Deflection at C, A. = Moment of the area of M /EI diagram between Aand C about C
= A X Xic + Ay XXye

__100kN.m*

2
= T X5.67m_wx

2m
657kN.m*

(200 x 10° KN j x(4 x10°m*)
m

A.=—0.82125m=-821.25mm

Problem 8.
Determine the slope and deflection at point B and C of the beam shown in the Figure xx.

Values of the moment of inertia of each segment are indicated in the figure. Take E = 200

Gpa.
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\g A B C } 500N
. m
N

6 i
IAE=EXID mm-l' IEC:4X1|:| ]IIJIl-L

| 4m | 3m |
Figure 14
Solution:
Calculation of bending moment:
Bending moment throughout the beam is same and equal to 500 N.m
Moment of inertia of part AB, Ixg = 8 x 10° mm?*
Moment of inertia of part BC, lgc = 4 x 10° mm*
lag = 2lsc = 21, where | = 4 x 10° mm*

Draw bending moment diagram as shown in the Figure xx(b) and M/EI diagram by dividing
ordinate of the bending moment diagram by EI as shown in Figure xx(c).

Draw an exaggerated shape of the probable elastic curve as shown in Figure xx(d). It is
known that the tangent drawn at fixed end A on the elastic curve would follow the original
beam, hence slope at A, 9,= 0.

Before applying moment-area theorems, divide the M/EI diagram into two parts.
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N4 =D p
Cb)qﬂﬂhm

500 N.m IAE—gxmmm* Ipe=4x10° mm'
| 4m | im |

S00VET

Bending moment diagram

250/ET

500/EI
|

[ "

1
1

4y= (250/ED)(4) = 1000/ET 4 _ (500/ET)(3) = 1500/ET

M/ET Diagram

tangent at B

(d} Elastic curve
Figure 15
Area |: Trapezium
250 1000 N.m?

Area, =4x =—
A El El

Distance of the c.g of trapezium from B, X5 =2M
Distance of the c.g of trapezium from C, X, =2+3=5m
Area Il: Triangle

500 1500 N.m?

El  EI

Distance of the c.g of Area | from C, X,. =1.5m

Applying first theorem of moment-area

The change in slope between the tangents drawn at two points A and B on the elastic curve,
0, = 0,5 = Area of M/EI diagram between A and B

Area, A, =3X

1000 N.m?
El

1000 N.m?
(200 x 10° sz x (4x10°m*)
m
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=—0.00125rad (clockwise)
The change in slope between the tangents drawn at two points A and C on the elastic curve,
6. = 0,. = Area of M/EI diagram between A and C

=A+A
_ 1000N.m? N 1500 N.m?
El El

2500 N.m’
(200 x 10° NZJ x (4x10°m*)
m

=0.003125rad  (anticlockwise)

Applying second theorem of moment-area

Deflection at B, A, = Moment of the area of M /EI diagram between Aand Babout B
_ 1000N.m?
- El

X2m

1000N.m?
= X2m

(200 x10° j x(4 x10°m*)
m

Ay = 0.0025m=25mm 7T
Deflection at C, A = Moment of the area of M /EI diagram between Aand C about C
=A1X Xic +Az)()_(zc

~ 1000N.m? +1500N.m2
E

X5m X1.5m

7250 N.m®

{200 x10° ) x(4x10°m*)
m

A, = 0.0090625m = 9.0625mm T

Section I1: Simply supported beam

Problem 9.
Determine the slope and deflection at point C of the beam shown in the Figure xx. Take E =

200 Gpa and | = 60 x 10° mm*.

3 m 3m 6 m

Figure 16

¥

Solution.
Determine the support reaction,
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The simply supported beam is symmetrically loaded. Hence the reactions at both ends are
equal and 10 kN each.

So, the reaction at A, Ra = 10 kN and reaction at B, Rg = 10 kN

Calculation of bending moment:

Considering from left hand side, bending moment at C, Mc= 10 x 3 =30 kN.m

Bending moment at D, Mp = 10 x 6 = 60 kN.m

Now, draw the M/EI diagram. As the beam has uniform flexural rigidity, the shape of the
M/EI diagram would be the same as that of the bending moment diagram. Only the ordinates
would be reduced by 1/EI.

|< 31:!:1..‘31::1 ’{‘ 6 m .|

(2) Beam with upport reactions

60/ET

I~

(b} MV'EI Diagram

60/ET

-

(c) M/EI Diagram

60/ET

30/EI ‘ ——

(d) MVET Diagram

Lap \K ————————————— —==5
= A
horizontal QﬁL“\ L

tangent Dt Tz

tangemt C

(&) Elastic curve

Figure 17
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Draw an exaggerated shape of the probable elastic curve as shown in Figure 17 (d). Due to
symmetry, the deflection at the centre of the beam would be maximum and hence the slope at
D, 6p= 0, i.e., the tangent drawn at D on the elastic curve would be horizontal and parallel to
the original beam without loading. Figure 17 (d) shows the elastic curve with tangents drawn
at required points to solve the problem.

The tangential deviation at C with respect to the tangent to the elastic curve at D,
t.,, = Moment of Area of M/EI digram between D and C
as shown in Figure 18(d) about C

30+2X60
_1 3(§+@jx§u
2" \EI EI)73] 30, 60
El El
_ 225kN.m*
~El

The tangential deviation at Awith respect to the tangent to the elastic curve at D,
t,o = Moment of Area of M/EI digram between D and A
as shown in Figure 18(d) about A

1 60 2x6
== X6X—X—
2 El 3

B 720kN.m?

El

Deflection at C, Ag =ty —tep = %_%

_ 495kN.m*

El
495 x 10°N.m?

[200 x 10° sz x(60 x 10° x 102m*)
m

=0.04125m
=41.25mm |
Slope at C can be obtained by applying first theorem of moment area between C and D
1 30 60
Opc =0 =0, == X3 —+—
pe e b (EI El j
_ 135kN.m?

El
135 x 10°N.m*

(200 x 10° sz x (60 x 10° x 102 m*)
m

=0.01125mm (anticlockwise)
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Problem. 10
Determine the slope and deflection at points C of the beam shown in the figure. Take E = 200
GPa and | = 60(10%) mm4

20 kN
A B
C
Iim 6m
Figure 18
Solution.
Determine the support reaction,
Yr=0, Ry,+R; =20 (1)
Taking moment about A, Ry,x12=20x9
R,=15kN

Substituting the value of Ra in Eq. (1), we get

R,=5kN

Calculation of bending moment,
Considering from left hand side of the beam,
Bending momentat C, M. =5 x 3=45kN

Now, draw the M/EI diagram. As the beam has uniform flexural rigidity, the shape of the
M/EI diagram would be the same as that of the bending moment diagram. Only the ordinates
would be reduced by 1/EI.

Draw an exaggerated shape of the probable elastic curve as shown in Figure 19 (d).

Point of zero slope is not known as the structure has neither a fixed support nor a symmetric
loading condition. Hence, the geometry of the deflected shape as well as the moment area
theorems have to be used to solve the problem.

The tangential deviation at C with respect to the tangent to the elastic curve at A,
t.,, = Moment of Area of M/EI digram between A and C
as shown in Figure 18(c) about C

1 45 3
=—X3X —X—
2 El 3
_ 135

2El
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The tangential deviation at B with respect to the tangent to the elastic curve at A,
t,, = Moment of Area of M/EI digram between A and B
as shown in Figure 18(d) about B

ZEX12X£X12+9
2 El 3
1890
El

The tangential deviation at B with respect to the tangent to the elastic curve at C,
t.c = Moment of Area of M/EI digram between C and B
as shown in Figure 18(e) about B

1 45 2x9
== X9X — X——
2 El 3
1215

El

From the geometry of the elastic curve,

tB/A _ 3

A 12
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20 kN

(2) Beam with upport reactions

45/ET
MEI Diagram
(b)
45/ET i 45
‘Q
— |
45/ET _1 45
AJ— 2 12 x o

(f) Elastic curve tangent 4

Figure 19

to;s 1890
4 4E

A=



472.5

El
, 472.5
SO, AC:A—tC/A:?
_472.5_%
El El
_337.5
El
B”BW — BB" _ BBI”
=1g/c _Ac
_ 1215 B 337.5
El El
_ 877.5
El
877.5

B"B" El 8775

In the triangle C'B"B"™, 6. = =
C!BIH 9 9EI

877.5 kN.m®

9m x 200 x 10° k—l\zlx 60 x10° x 10 2 m*
m

=0.008125 radian (clockwise)

3
Deflection at C, A :@

337.5kN.m?

200 x 10° k—’\zlx 50 x 10° x10™%m*
m

=0.03375m
=33.75mm <
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CHAPTER-3
FIXED BEAMS

INTRODUCTION
A beam, which is built-in/fixed at its two supports, is called a fully constrained
beam or a fixed beam. As the beam is fixed at its two supports, the slope of the elastic
curve of the beam at its two ends, even after loading will be zero. Thus a fixed beam AB
may be looked upon as a simply supported beam, subjected to end moments M ,and M;,
such that the slopes at two supports are zero. This is only possible, if the magnitude and
directions of the restraining moments M ,and M are equal and opposite to that of the
bending moments under a given system of loading.
ADVANTAGES OF FIXED BEAM
A fixed beam has the following advantages over a simply supported beam.
a) The beam is stiffer, stronger and more stable.
b) The slope at both the ends is zero.
c) The fixing moments are developed at the two ends, whose effect is to reduce the
maximum bending moment at the centre of the beam.

d) The deflection of a beam, at its centre is very much reduced.

Fixing Moments of a Fixed Beam Carrying a Central Point Load

1 l p—
o, -~ (’ \ |
M | © o~ -~ W N T M
-~ — . SRS
b FA : AT
‘ :
i
R, C/ ; B4
) T4 I Sqi
' | © | Ry
L —— - —==dl =
}
Fig. 3.1

Let us consider a beam AB of length I fixed at A and B and carrying a central point load W
as shown in Fig. 3.1(a)
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Q) Bending moment diagram

Let M, =Fixing moment at A and

M =Fixing moment at B.

Since the beam is symmetrical, therefore M ,and M, will also be equal.

Moreover, the bending moment diagram due to fixing moments M ,and M, will be a
rectangle as shown in Fig. 3.1(b)

We know that x —diagram i.e., bending moment diagram due to central point load will be

a triangle with the central ordinate equal to WTI as shown in Fig. 3.1(b)

Equating the areas of the two diagrams,

2
M=oty W wi®
2" 4 8
Wi
M, ==
A 8
WL
M. =———
® 8

Complete the bending moment diagram is as shown in Fig. 3.1(b)

Shear force diagram

Let R, =Reaction at A and
R, =Reaction at B

Equating clockwise moments and anticlockwise moments about A,

RAxI+MA:MB+Wx|E

The complete the S.F. diagram is as shown in Fig. 3.1(c)

Example.1 A fixed beam AB, 4 metres long, is carrying a central point load of 3 tonnes.
Determine the fixing moments.

Solution.Given: length (I) =4m; Central point load (W) =3kN and flexural rigidity (El) =
5x10°kN —m?
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Fixing moments
We know that fixing moment at A,

M, =M _ 34 _ 1 sknm
8 8

Similarly, fixing moment at B,

M, =W _3X4_ 1 5enm
8 8

Fixing Moments of a Fixed Beam Carrying a Uniformly Distributed Load

Consider a beam AB of length | fixed at A and B and carrying a uniformly
distributed load w per unit length over the entire span as shown in Fig. 3.2(a) .

\f - [ SV »%« | ) - MB

R

Fig. 3.2

0] Bending moment diagram

Let M , =Fixing moment at A and
M =Fixing moment at B.

Since the beam is symmetrical, M ,and M, are equal. Moreover, the ' —diagram (i.e.
Fixed end moment diagram) will be a rectangle, as shown in fig. We know that the x—

diagram (i.e. Bending moment diagram) will be a parabola with the central ordinate
2

equal to % as shown in Fig. 3.2(b).



Now equating the areas of the two diagrams,

2, w? _ wl’

M, I=—=1I. =——
A 378 12
2
MA:—m ... (By symmetry)
12
wl 2
Mg =———
B 12

We know that maximum positive bending moment at the centre of the beam (neglecting
fixing moments)

Net positive bending moment at the centre of the beam

_wi?owl? o wl®
8 12 24

Now complete the bending moment diagram as shown in fig Fig. 3.2(b)

(i) Shear force diagram

Let R, =Reaction at A, and
Ry =Reaction at B.

By taking moments about A,

RBx|+MA—I\/IB—WxI><|§:0

=R —M
° ( MA:MB)
but, R, + R; —wl =0
wi
=R, =—
A2

The complete shear force diagramis as shown in Fig. 3.2 (c)
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Example. 2.

A fixed beam AB of span 6 m is carrying a uniformly distributed load of 4kN/m over the
left half of the span. Find the fixing moments and support reactions.

4KkN/m

Fig. 3.3

Solution.Given: Span (1) =6m; uniformly distributed load (W) =4kN/m and loaded portion
(1,) = 3m.

Fixing moments
Let, M, =Fixing moment at A and
M =Fixing moment at B.

First of all, consider the beam AB on a simply supported. Taking moments about A,
Ry x6=4x3x15=18
= Ry = % =3kN

R, =3x4-3=9kN

We know that « —diagram will be parabolic from A to C and triangular from C to B as
shown in Fig3.3. The bending moment at C (treating the beam as a simply supported),

M. =R, x3=3x3=9kNm

The bending moment at any section x in AC, at a distance x from A (treating the beam as a
simply supported),

M, :9><x—4x><§:9x—2x2

Area u —diagram from A to B,
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3
a:I(9x—2x2)dx+%x9.Ox3
0

2 373

S S Y

2 3|
2 3

:gxf) _fo) +135=36

And area of ' —diagram, a'=(M, + MB)xgzs(MA +My;)

We know that a'=-a
3(M,+M;)=-36

or(MA+MB):—%:—1Z... (1)

Moment of x —diagram area about A (by splitting up the diagram into AC and CB),

ax

3
I(9x2—2x3)dx+%x9x3x4
0
3 473
ax{%_&} 54
3 4 |

{9“3)3 _Zx(3)4}+54=94.5
4

3

And moment of x —diagram area about A (by splitting up the trapezium into two
triangles) as shown in fig.

ax' = MAxng +MBx§x2X6
2 3 2 3

=6M, +12M,; =6(M , + 2M};)

a'x = —ax
We know that 6(M, +2M;) =-945 ...(ii)

M, +2M, :—%:—15.75

Solving the equation (i) and (ii),

M, =-8.25kNm
M, =—3.75kNm

The bending moment diagram is as shown in Fig. 3.3
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Support Reactions

Let, R, =Reaction at A, and
Ry =Reaction at B.

Equating the clockwise moments and anticlockwise moments about A,

R, x6+8.25=(4x3x1.5)+3.75=21.75

R, = 21.756—8.25 _ 295Kk

R, =4x3-2.25=9.75kN

Example.3 A beam AB of uniform section and 6m span is built-in at the ends. A
uniformly distributed load of 3kN/m runs over the left half of the span and there is in
addition a concentrated load of 4kN at right quarter as shown in fig. Determine the fixing
moments at the ends, and the reactions. Sketch neatly the bending moment and shear force
diagram marking thereon salient values.

3kN/m 4kN

I S T

6m N

R
g_,

AN\
1

Fig. 3.4
Solution:

Given: Span (I) =6m; Uniformly distributed load on AC (w) =3kN/m ; Loaded portion
(I,) = 3m and concentrated load at D (W) = 4kN.

Fixing moment at the ends
Let, M, =Fixing moment at A and
M =Fixing moment at B.

First of all, consider the beam AB on a simply supported. Taking moments about A,

Rg x6=(3x3x1.5)+(4x4.5)=315
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R, = %5 =5.25kN

R, =(3x3+4)—5.25=7.75kN

We know that the x —diagram will be parabolic from A to C, trapezoidal from C to D and

triangular from D to B as shown in fig. The bending moment at D (treating the beam as a
simply supported),

My =5.25x1.5=7.875kNm
M. =5.25x3-4x1.5=9.75kNm

The bending moment at any section X in AC, at a distance x from A (treating the beam as
a simply supported),

M, = 7.75% - 3x§ = 7.75x —1.5%?

Area of u —diagram from A to B,

3
a=| (7.75x—1.5x2)dx+6 (9.75+ 7.875) x1.5)+(%x 7.875x1.5j
0

2 373
_ 7.75x _1.5x +19.125
2 0
2 3
:7'75;(3) _15%@) 1 19105-405

And area of 4’ —diagram, a'=(M, + MB)xg =3(M, +M;)

We know that a’'=-a
3(M,+M;)=-405 ... (-a=405)
or(M, +M,)=-135... (i)

Moment of x —diagram area about A

(by splitting up the diagram into AC, CD and DB),
3

ax = I(7.75x2 —1.5X3)dx+(%x9.75x1.5x3.5j+(%>< 7.875x1.5x4]+(%x 7.875><1.5><5]
0

[775¢ 15T
3

_ {7.75>< (3° 15x(3)*

+78.75

0

3 }+78.75:118.1
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And moment of ' —diagram area about A (by splitting up the trapezium into two
triangles),

ax'= MAx§x§ + MBXQX&
2 3 2 3

=6M, +12M,; =6(M , + M)

We know that a'’x' = -ax
6(M, +2M,)=-118.1
orMA+2MB:—%:—19.7 ... (ii)

Solving equations (i) and (i), we get
M, =-7.3kNmand M, =—6.2kNm

The bending moment diagram is as shown in Fig. 3.5(a).

3kN/m 4kN
Z N
%’\/J\/W\/\/\ l N
' C D > B
am —— [+ >
1.5m
6m ; >
| ' 9.75 ’ |
; 5 7.875
T _: . |
7.3 i 5 ‘ J;
v i ? |
%i € @emp B
793! | i 5 i
1| @ ; | :
’ : : 'ﬁ?
1.07 ©
(b)SFD
Fig. 3.5

Shear force diagram
Let R, =Reaction at A, and
R; =Reaction at B.

Equating the clockwise moments and anticlockwise moments about A,



Ry X6+ 7.3 = (3x3XL.5) + (4x4.5) + 6.2 = 37.7

37.7-173

- R, =5.07kN

And R, = (3x3+4) —5.07 = 7.93kN

The shear force diagram is as shown in Fig. 3.5(b)

EXERCISES

1. Draw the BMD & SFD of a fixed beam of span 6m subjected to anudl of 10 KN/m
for the full span and a point load of 25 kN at the centrecentre.

2. Draw the BMD & SFD of a fixed beam of span 5m subjected to anudlof 20 kN/m
for the central 2.5m of the span.

3. Draw the BMD & SFD of a fixed beam of span 4msubjected to two point loads of
20kN each acting at a distance of 1m from the supports.

4. Draw the BMD & SFD of a fixed beam of span 4m subjected to two point loads of
20kN each acting at a distance of 1m from the supports and an udlof 10 KN/m at
the central 2m span.
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CHAPTER-4

THE THREE-MOMENT EQUATION

4.0 Introduction:

Beams with more than one span are called continuous beams, as they “continue” over
the intermediate supports. The beams shown in the Fig. 4.0 are continuous beams of four
spans. The degrees of indeterminacy of the three beams as shown in the figure below [Fig.
4.0 (a), (b), (c)] are 3, 4, and 5 respectively.

{ IEEREERRRR l 7:1'12,7141 ‘

Fig. 4.0 Continuous beams
Continuous beams are very common as structural elements of bridge and frame

structure buildings. A convenient approach to analyze such beams is to use statistically
unknown bending moments at supports as redundant. For the unknown moment at a fixed
support, the compatibility condition is that the slope there must be zero. For the unknown
moment at the intermediate support, the compatibility condition is that the slope of the
elastic curve at the right end of the span to the left of the support must be equal to the slope of
the elastic curve at the left end of the span to the right of the support. In this way, each span
can be considered as a simple beam with constant moment of inertia, acted upon by the loads
on it and moments at both ends if there are any. Thus, the compatibility condition
corresponding to the unknown bending moment at any intermediate support can be expressed
in terms of the loads on the two adjacent spans and the bending moment at three successive
supports, including the one before and the one after the support being considered. As this
compatibility condition involves three bending moments at supports, it is called three moment
equation. This three moment equation was first developed by Clapeyron in 1987.

4.1  Derivation of the Three-Moment Equation:

The three-moment equation expresses the relation between the bending moments at
three successive supports of a continuous beam, subjected to loads applied on the two

adjacent spans, with or without uneven settlements of the supports. This relation can be
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derived on the basis of the continuity of the elastic curve over the middle support; that is, the
slope of the elastic curve at the right end of the left span must be equal to the slope of the
elastic curve at the left end of the right span.

Fig. 4.1 Moment diagram of two adjacent spans of a continuous beam.

Let AB and BC in Fig. 4.1a be the two adjacent spans in an originally horizontal
beam. Owing to uneven settlements, supports A and C are at higher elevations than support B

by the amounts h, andh,, respectively; thus the elastic curve passes through points A', B, and
C.LetM,,M,, and M. be the bending moments at A, B, and C, these moments being
positive if they cause compression in the upper parts of the beam.

[ TT] TTTTIT] M Mg
Mt s ! ey g te FERRERE! ' :
5y i g msa ) e )
o5 A A 4 A A - e A4 B A
i
g N
-~ N
~ 5
/ A \ M,
// ]-":« J_"____---\_\ s
P Cot / N\ M
My h e~ '/' A \: o "l
/ \":- T —J

(a) () (€)

Fig. 4.2 Superposition of moment diagrams on a typical span.

Now consider Fig. 4.2, where the moment diagram on span AB is broken into two parts: Fig.
4.2b represents the moment diagram due to loads applied on AB when it is considered as a
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simple beam, and Fig. 4.2c represents the moment diagram resulting from the moments M ,

and M at the supports. By superposition, the entire moment diagram is shown in Fig. 4.2a.
Returning to Fig. 4.1, note that the moment diagrams on spans AB and BC are each broken in
to two parts: the parts A and A, due to loads on the respective spans and the parts A,, A,

and A,, A, due to end moments M ,, My on span AB and M, M. on span BC. The
simple-beam moment diagrams due to loads applied on the spans are known in advance, and
the objective of the analysis is to find the bending moments M ,, My, and M. at the
supports.

A relation between M ,, M, and M. may be derived from the compatibility condition that

the beam is continuous at B, or the tangent at B to the elastic curve BA is on the same
straight line as the tangent at B to the elastic curve BC ', as shown in Fig. 4.1a. In other words
the joint B can be considered a rigid joint (monolithic in reinforced concrete construction,
welded in steel construction); thus the two tangents at B to the elastic curves on both sides of
B must remain at 180° to each other. Since the tangent A BC, in Fig. 4.1a must be a straight
line,

AR _ ce, 4.1)
Ll L2
In which
AA =h, — A A =h, —(Deflection of A" from the tangent at B)
1 2
=h, - — + L+=AL
El, (Al 3A3 3 j
1 1 1
:hA—E—Il[Alal-FEMALi'FEMBLij (42)
And
CC1 =C,C —-h. = (Deflection of C' from the tangent at B) — h.
2
+—AL, +=-AL
“El (Az 35 Ae ]
1 1 , 1 )
a, +-M;L, +=M,L h 4.3
“El (Az 3 5 j c (43
Substltuting Egs. (4.2) and (4.3) into Eq. (4.1),
h, 1 1212)1( 1212jhc
a+-M,L+=M.L |= a+-M. L +=M_.L, [——
Ll LlEll (A’l 1 6 A™l 3 B ™1 L2E|2 AQ 2 3 B =2 6 Cc =2 L2
Multiplying every term in the above equation by 6E and reducing,
MA(HJ oM (Li Lj MC[iJ:_BAlai_GAQaZ_6EhA_6EhC (4.4)
Il 1 2 IZ Llll L2|2 Ll I‘2
Equation (4.4) is the three-moment equation.
When there is no settlement of supports, ha =0 and hc = 0 and Eq. (4.4) reduces to
MA(EJ—FZM [h—i_L_J—'_ MCLEJZ_GAlal_6A2a2
l, L1 I, L1, L1, (4.5)
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Example No.1 Analyze the two span continuous beam shown in Fig. 4.3(a) by using the
three-moment equation. Draw the shear force and bending moment diagrams.

20kN/m 30kN

+***¢a*+ l
|

21
P 6m

<4+—— 4m < >

(@) Given Beam

40kNm 40kNm
+ +
Ar .C A .C
om (8/3)m

(b) Bending moment diagrams on simple spans due to loads

Mg

(c)Bending moment diagrams on simple spans due to end moment

Fig. 4.3 Continuous beam of Example No. 1
Solution:The bending moment diagrams on AB and BCobtained by considering each span as

a simple beam subjected to the applied loads are shown in Fig. 4.3b. The bending moment

diagram (BMD) for span AB is a parabola with maximum ordinate

2
= 204 = 40kNm at mid span.

The BMD for span BC is a triall1lnle with maximum ordinate

_30xAX2 _ 4okNm at distance 2m from the support C.

Area of the BMD in span AB, A = %x 4x40=106.67
Distance of the cg of BMD in span AB from end A, a, =2m
Area of the BMD in span BC, A, = %x 40x6=120
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Distance of the cg of BMD in span BC from endC, a, = % = gm

Fig. 4.3c shows separate moment diagrams on simple spans due to end moments. By
principle of superposition bending moment (BM) at any section can be determined from the
above BM diagrams as shown in Fig 4.3 a, b.
Applying the three-moment equation toSpans ABand BC:
MA(£)+2MB(5+E]+ Mc(ﬁj:—w—ai—%

I, 1 ) I, L1, L1,
Since, Ly=4m, L,=6m, L;=I, and L,=2.By inspection, M, =0and M. =0, we get

ZMB[i+£J:_6x106.67x2_6><12O><(8/3)

| I x4 21 x6
M; =—-34.28kNm
Determination of Reactions: 34.28kNm
20kN/m 30kN
vYY VY ia vy ]3 E L
A B C
End reactions due to applied | +4 +40 +10 +20
loads % ? f ?
End reactions due to end 4.28
moments 857 ¢ T4 +857 4 34.28
+5.71 T 6 -5.71 l
Total end reactions +31.43T + 48.57T +15.71T +14.29 T
Ra=31.43 T Rg=64.28 T R.=14.29 T

(@) Calculation of Reaction

31.43
15.71 15.71

14.29 14.29

48.57

(b) SFD
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28.58kNm

24.69kNm
22.86kNm
2.18m
+ |‘_’| +
1.57m ) h -
2m
2m
34.28kNm
3.14m
(c)BMD

Fig. 4.4 Solution of Example No. 1

The reactions are determined as shown in Fig4.4a. The total reaction at the end of
each span is equal to the sum of the reaction due to loads applied on the span and that due to
the moments at the ends of the span. For instance, the sum of the end moment acting on span
BC is 34.28kNm counterclockwise, which requires a clockwise reaction couple, or an upward
reaction of 34.28/6=5.71kN at B and a downward reaction of 5.71kN at C. The total
reaction to the continuous beam at support B is equal to the sum of the end reactions at B to
spans BA and BC, or R; =48.57 +15.71=64.28kN . After all the reactions are determined, the
shear diagram is drawn using the basic principle as shown in Fig. 4.4b. Similarly the bending
moment diagram is plotted as shown in Fig. 4.4c. The point of contra-flexure and maximum

bending moment are mentioned thereon.
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Example No.2 Analyze the continuous beam shown in Fig. 4.5a by using the three-moment
equation. Draw shear and moment diagrams.

80 kN 72 kN 1dm 24 kN
2 4 B
| 6m 6m Jl m m | '*4
_2'1"Nm y 16 KN/m b ,I T
0 0 O O o e o o o e O R
Ads A J B % no C s} Foé> E
3l - 101, ~ 24,7
6m i 2m Iy Gm |
| s
(@) The given beam
240
X /
108 // L 0
A, = 1440 S
A =432 ) 4 wam3
m | b ,4,4,;%\
em ‘7(.'1“
Lim | 3m ém |, 6m |3 - ~7_{
|

(b) bendingMoment diagrams on simple spans due to applied loads
Fig. 4.5 Continuous beam of Example No. 1

Solution: - The moment diagrams on AB, BC, andCD, obtained by considering each span as a
simple beam subjected to the applied loads, are shown in Fig. 4.5b. Note that, for span BC,
separate moment diagrams are drawn for the uniform load and for the concentrated load. By
inspection, M, =0 and M, =-36kN.m (negative because it causes compression in the

lower part of the beam at D).

Applying the three-moment equation (i.e. Eq.(4.4)) to
Q) Spans AB and BC:

MA(LJ+2MB(L+ 12 J"'Mc( 12 ]:_6(432)(3)_6(1440)(6)_6(2304)(6)
3l 3l. 10l 101, 6(31.)  12(10l.)  12(101.)
(i)  Spans BCand CD:
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12 6 6

12 _ 6(1440)(6)  6(2304)(6)

_ 6(288)(10/3)

_—t

101, 2I,

J+MD( J:

6.4M, +1.2M =—1555.2
1.2M, +8.4M, =—1495.2

MB[ j+zmc[

Simplifying,

12(101.)  12(101.)

101, 21,

Solving above two Equations,
My =-215.39kN.m

M. =—147.23kN.m

6(2l.)

The reactions are determined as shown in Fig4.6a. The total reaction at the end of

each span is equal to the sum of the reaction due to loads applied on the sp

the moments at the ends of the span. For instance, the sum of the end mom

an and that due to

ent acting on span

BC is 215.39-147.23 = 68.16kN.m counterclockwise, which requires a clockwise reaction

couple, or an upward reaction of 68.16/12 =5.680kN at B and a downward reaction of

5.680kN at C. The total reaction to the continuous beam at support B is equal to the sum of

the end reactions at B to spans BA and BC, or R; =107.898 +141.680 = 249.578kN . After all

the reactions are determined, the shear diagram is drawn using the basic principle as shown in
Fig. 4.6b. The point of zero shear on span AB is at 36.102/24 =1.504m from support A.

Similarly the bending moment diagram is plotted as shown in Fig. 4.6c.

SO kN T2 KN 23
-
L Hnm tm - 5 dm
—
24 kN |
L [ 16kNe \|/ A\l
~ — - 1 U/
Rt N Y. ¥ 4 § & L' | '
e ‘e "y
255,59 147.23 16
B 6 = 12 m
— -
{ i
Eng reactromns J s e 9 - Gy | |
1o applied loade - & -0 a8 24 24
End reactions due 15.898
Clig X H.53E
1o end moments ~ 18 59§ 6RO S.6%0 a3 NN
= - R.S28
4 10 | g |
Total end reactios 2 t +66.53
o e reaction 107 598 - 141 650 o« 1300329 f ! & 367 24
R >4d &4 - .
' =J6. | Ry w249 87K £~ 196828 Ry = 2930
Gl Dheter 1o 144
141,680
) < LR Y
36 102 L, 49 P S T | —
M ' | 2
| Sl S ! | ~—
» ] . | - 3
- . J4. 3 ,I TS LT 53
SO ey f ‘\'l ==~
107 89 .
(1O) Shear Crsaram DI
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346,69

7N

1.680m / N 1.2Im
| / "\ \
- 4
v 2716 e “‘ /, \ [+~
> ~ 1 \
N /| I = -
. | T — -
jrmeey N | \| /1415 "5
S 08 \l/ \
147.23

215,39

(c) Bending moment Diagram

Fig. 4.6 Shows Calculation of Reactions, Shear Force diagram and Bending moment

4.2. Application of Three-Moment Equation to analysis of Continuous beam having a

fixed end
If the continuous beam has a fixed end, as shown in Fig. 4.7, the bending moment at

the fixed support is one of the unknown redundant. The compatibility condition

corresponding to the unknown fixed end moment is that the slope of the tangent at A is zero.
This condition can be met by adding an imaginary span A,A of any length L, simply
supported at A,and having an infinitely large moment of inertia for its cross section. In this

way a three-moment equation using the fixed support A as the middle support can be written.

Since the imaginary span AjA has infinitely large moment of inertia, the moment diagram on
it, whatever it may be, can yield no M /EI area, hence no elastic curve. So long as A A

remains un-deformable, the common tangent at A is a horizontal straight line.

-—

o %

“'s_ | G 25 053 0 0} | 1
MBS EEEIEBEALN MBI EEIIEEIR,

A g e ) s

(a) Actual continuous beam

. s

4.: Y'Y T YT XL RTYER P O F-R PRI EET }

et Fom® e 4 o> B oy (™ -*7[) e

L&y Equivalent continuwonrs beam

Fig. 4.7 A typical continuous beam with one end fixed
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EXERCISES

. A continuous beam, ABC, of two spans AB and BC of 4m each, is subjected to a
uniformly distributed load of 10 kN/m for the full spans. A and C are the end simple
supports and B is the continuous support. Draw the BMD and SFD for the above
beam.

. A continuous beam, ABC, of two spans AB and BC of 5m each, is subjected to a
concentrated load of 10 kN at the mid of each span. A and C are the end simple
supports whereas B is the continuous support. Draw the BMD and SFD for the above
beam.

. A continuous beam, ABC, of two spans AB and BC of 3.6m each, is subjected to a
concentrated load of 10 kN at the mid of each span. Consider the end A is as fixed
end support, C is the end simple support whereas B is the continuous support. Draw
the BMD and SFD for the above beam.

. Analyze the continuous beam as shown in the figure below by using the three-
moment equation. Draw shear force and bending moment diagrams

TZAN om 2 EN

y I
v ¥ X & Hm om im
! —
HiNm - ‘
s 3 i
SN I S I IS PN SO VR Y N Sh T S

Y i Y b CLt  IDLs z
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CHAPTER -5

MOMENT DISTRIBUTION METHOD FOR INDETERMINATE STRUCTURES

Introduction
The moment distribution method also known as Hardy cross method which is one of

the convenient method of handling the stress analysis of rigid jointed structure. It is
essentially consists in solving the simultaneous equations of the slope deflection method by
successive approximation using Gauss Sudil iteration.

The fundamental principle of moment distribution can be well explained referring to
the structure shown in fig. 5.1.The supports at ABCD are fixed and are unyielding and have
no joint rotation. The members OA,0B,0C& OD are joined together at O,so that angle

between the members do not change when joints rotate under load.

In this method the joint O is initially assumed to be locked and the fixed end moment
are calculated due to external load on each of these members. Thus total moment at O is the
sum of all fixed end moments due to members OA,0OB,0C& OD.Since the external moment
applied at O is Zero, The next step is to release the joint moment at O by applying a moment
opposite to that of moment devlopedat O due to fixed end moment at O.Thus the moment at
far end A,B,C,& D will be developed depending upon stiffness of corresponding member.
Thus fraction of the total balancing moment which is distributed to a particular member can
be found by dividing the stiffness of that member by sum of stiffness of all members.

The factor by which the balancing moment is multiplied in order to obtain the
distributed moment is called distribution factor for the member.

The addition of a distributed moment to one end of the member usually involves a
moment at the other end, if the letter is restrained against rotation. That moment is called
carry over moment and the factor by which the moment is induced to the near end moment is
called carry over factor.

Sign Conversion for moments
At a joint of moment is acting clockwise is considered +ve and of acting anticlockwise
considered —ve.
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Fixed End Moment.

The first step in the moment distribution procedure is to lock the joints against rotation and
determine the fixed end moment resulting from loads.

Rotational Stiffness

The balancing moment is distributed to the members meeting at a joint of the structure in
proportion to their rotational stiffness, the rotational stiffness being a measure of the
resistance of the beam to the rotation at one end.

If far end is fixed the relative stiffness is W 2
Q:} Ma

The relative stiffness is taken equal to
K = 3/4%
Where K = relative stiffness of member.

Distribution Factor.
The ‘distribution factor’ is the fraction of total balancing moment which is

distributed to a particular member, since the members meeting at a joint rotates through the
same angle, it follows that the distribution factor is the ratio of stiffness K of that member to
the sum of stiffness of all members meeting at that joint.

Distribution factor D.F :zK_K
Thus the distribution factor for member OA of Fig 5.1 can be expressed as

D.Fy, = Ro4
ho4 KoatKoptKoctKop

D.F,, = %

5.1.  Analysis of Propped Cantilever. e Sen z{ 1.2.\3 .

Consider a propped Cantilever AB Fixed at

A and simply supported at B, having span

L’ and Loaded with udl ‘w’ per unit length /‘ 3 E

wl“
Assuming both ends fixed i

Fixed end moments

-
i Yo
2 —
Mp4p = @(l.’f_,/’ ?/) 19-

12

2l
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WLz
M =+ —
FBA 12
2

AL {2 o '2.4
= L‘L

-_—

3
Fenak Moemenk ot A

Step-2

2
As the end B is simply supported moment at B should be zero. External moment —% has

been applied at B which is called unbalanced moment after releasing the fixed end at B.

Step -3
2 2
Due to the applied load at B of magnitude % an moment of — % will be developed

at A which is called carry over moment

Step-4
The final moment at A will be
WL wi?
T 12 24
_ w2
_ T 8
Joint A
B
Members
AB BA
Distribution --
Factor 1
FEM WL? W2
12 + 12
Balancing -- Wi?
12
c.0 wL? --
24
Final Moment W lL? 0
8
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Example: 5.2

Joints A B
C

Analyse the continuous beam as
shown in Fig 5.2 by method of moment

distribution the El of all member is same.

Solution.
Fixed end moments

2
Mpap = - =-6 KN —m

Mpgs = +6 KN-m

2
Mppe = 2x3® . onim

62

4x3x%22

il 1.333KN-m
Relative stiffness of members at joint B
Kg,= 1/6
Kge =%.=1/6

Mpcg=

Distribution Factor
Kpa 1/6
DFga=—= =7
2K z + %1/6
1
(143/4)

=477

_ Kpc _ 3/41/6

DF,. = X&c -
BE SK L+ 3/41/6

=3/7

2%w/m 4 kw
%«& W’]{b L 2C
k bm 5¢ pm—)[(——qm———y]
Fig: 52
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Members | AB BC
BA CB

D.F 1 3/7 0
417

FEM -6 -2

Balancing | +6 +1.333

1.333

C.0O -0.667

Total -6 -2.667

Members | +6 0

Balancing -1.429

Joint 1.904

Bco -0.952
Final -6.952 -4.096
Moment | +4.096 0

M, =-6.952KN-m
My =4.096KM-m
M; =0

Shear Force and Bending Moment
Diagram

Let us find out the support reactions
considering the portion BC
Taking moment about B

Rep X6 =4X2—-4.096

8—4.096
RCB -

6
0.65KN

RBC = 4 - 065
3.35KN

Considering portion AB
Taking Moment about A

RgaX 6 =2X6x3+4.096 — 6.952

= 33.144
Rgy = 22 —5524KN
R, = 12-5.524 =6.476KN.

Ry =5.524+3.35 = 8.874KN.

AN

?(f,}!-OQG-KN-w‘ T

Rac Rcp

}-—o—ﬂm—a-'—q—f_;m_-_l

6 asatnm
AN . pay

A l%g(r\f\f \n/\/rrv'v'\rmf\r.P) KN
o)

Kea

 — oM ——f




R, = 0.65KN

SF at C = -0.65KN

SF to the left of 4KN lood
=-0.65+4
=3.35KN

SF just left of B
=3.35-8.874
=-5524 KN

SF just to right of A
=-5524+12
=6.476 KN

Bending Moment under lood in span BC
_ 4AX2X4

T 6

= 5.33 KN-m
Bending Moment due to udl t mid span of
AB

_ 2x62

8
=9 KN-m

5.3

Analyse the continuous beam with an
overhang as shown in fig 5.3 by moment
distribution method. Assume E | Constant
for all spans.

Solution :

Fixed End moment

Mpap =0

Mppa =0

e =525
=—9 KN —m.

M i f T
A AV A \1\(\1\ .
1 4

e EM—— 2t L —>

bl fokn

3. 26KN
' ]
)

- |a-0;
L]

\(q&ah KN

A UN-m ﬂf D.aj'ra.-r.

bolyn
7 e

.M D{a.jram
L‘KN aOKM
A4 G 'LD
! I
Fe’a 543
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Mgcg = +9KN-m

Mpcp = —9KN-m

Distribution factor at Joint B

Kga 1/6
DFpy=—- =17
XK -+ 21/6

=477

DFgc =3/7

Joints A B

Member | AB | BA
S

BC

D.F 4f7

317

©loo

FEM

Balancin
g ‘C’

Carry
Over

Total
Moment

-11.5

Balancin +6.5
gatB 7

+4.9

Carry 3.28
Over 5

Final 3.28 | 6.57
Moment | 5

-6.57

Final Support moments

M,  =3.285KN-m
My  =-6.57KN-m
M,  =-4KN-m

Shear force and Bending Moment

Let us consider the portion CD

2V=0

Rep = 2KN
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Considering portion BC

Taking moment about ‘B’

Rcp %6 =4X3+2X6Xx3+
6.57 — 4

=50.57
Rep =" =8.43KN

6

Rpe =16-8.43 = 7.57KW

R =8.43+2 =10.43 KW

Considering Portion AB

Taking moment
About ‘A’

R4 X6 =6.57+3.285

6.57+3.285
Rps = e
=1.64KN
R, = —1.64KN
Rp =1.47.57 = 9.21KW
Shear Force & Bending Moment Diagram 2%\‘%) brsTn-m
A
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2KN/m i
A4 5 (o )

1
k—6u —ak3m —ah—sm—iu—ﬁ

Flg. 53
75T kn
Bending Moment 20
+ rsr 13

M, =-2x2=4KN.m ,_M‘%_
BM between to B will be 3.285 KN.m 242\ T
parabolic with maximum at mid span due to
loading

LA Dimsmam
__2x62 | 4x6 S SUBHN
T8 4
=9+ 6 =15KN-m 15 K-y T VPN

Analysis of Symmetrical portal frame without sway
The Portal frame consists of number of members rigidity connected at joints so that

angle between members remains same after loading.

In case of symmetrical frames with symmetrical loading the joints will only rotate and
there is no joint is placement. Such frames are said to have no sway. The analyses of such
frames are done in usal way as for continuous beams. The fixed end moments are calculated

assuming various members fixed at ends. The unbalanced moment are distributed as a joint
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depending on the distribution factor of adjacent members meeting at that joint. The process of

moment distribution is continued till the carryovers are negligibility small.

= w S

% { c . ch:i::.ﬁf’_"?.i,_.é‘
} I 31 | ' 25
| "_,-fz—"*"' '-‘fz_“*)-
LI 1 £, 1 1

l - - . A A 3
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t .': ran ';wa-( S al e )
B ' J ) S q..)-f,,.
I 51 a.:.:;;-:.:.-—._-){-;:,, RS
; I
i 1
271
.
g . I8

e .
‘?J'""‘"-—‘<.u S N—— 747’

Ll .
v it Lo 4.:1".,"\".'__;:" “J‘"‘*‘L“' ¥ LEa

-‘l,m'_
1
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Example 5.4
Analyse the portal frame as shown in Fig. 5.4 by moment Distribution Method.

2KNlm
{‘bﬁmw .

1 21

S >
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The frame is symmetrical with symmetrical loading, hence subjected to no sway.

Fixed end moments

MFAB -

Mppa =0

Mpge =
Mpcp =

MFCD -
MFDC -

Distribution factor at B
DFy, =— B4

KpatKpc
/4 _ 1/4
T1/4+21/6  71/12
= 4% 2
71
=3/7
_21/6 _ 2I/6
DFgc +21/6 71/12
=2l 12
“6 71
4
- - _7 - - -
Similarly distribution factor at C
4
MFcp = F
3
DFCD = ;
Joints A D
B C
Members AB BA BC CB CD DC
D.F -- 3/7 417 417 3/7
FEM -6 +6
Balancing 2.571 3.429 -3.429 -2.571
Joint B &
C
Cc.0 0.367 -0.490 0.490 -0.367
Balancing 0.734 0.980 -0.980 -0.734
Joint B &
C
Cc.0 0.367 -0.490 0.490 -0.367
Balancing 0.210 0.280 -0.280 -0.210
Joint B &
C
Cc.O 0.105 -0.140 0.140 -0.105
Balancing 0.06 0.08 -0.08 -0.06
Joint B &
C
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Cc.O 0.03 -0.03
Final 1.788 3.575 -3.575 3.575 -3.575 -1.788
Moment
My = 1.788 KN-m
Mgy = 3.575 KN-m
Mpc =-3.575 KN-m
Mcp = 3.575 KW-m
M:p =-3.575 KN-m
Mpc =-1.788 KN —m

il 3 3.8 Kt omn

3&'5.?§ WK = 1_ T _,-_'/— 3iSIE RN ~m

:;( 1789 KN . m 1788 1 k- m
B.M. p {agram .

Example 5.5

Analyse the frame shown in fig 5.5 by moment distribution Method

KN
D ;f: B8 AN [fm
31 31
AmM T — Ay m
o =
7777
A
Fig 5.5
Fixed end moment
2
Mpge == Z2=—40 0000
2
Mecg =2 =401 (10

As the end D is free stiffness of member BD =0
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_31/4 _ 3

DFgc ErT
Mg, =Y
Joints A B C
Members AB BA BD BC CB
D.F Ys - Ys -
FEM -- - +6 -4 +4
Balancing -0.5 -1.5
Joint
C.O -0.25 -0.75
Final -0.25 -0.50 +6.0 -5.5 3.25
Moment

GrOKRN. m
Myp = -0.25KN-m /‘@3_ —f—— —— R 250 KN-m

S‘KN'M

Mg, = -0.5KN-m g ° T :
Mg, =6.0 KN-m
Mg =-55KN-m Z n
Mgg  =3.25 KN-m CRSKET B MLD Lagram
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CHAPTER-6

COLUMNS AND STRUTS

Introduction:-

A structural member, subjected to an axial compressive force, is called a strut.
As per definition, a strut may be horizontal, inclined or even vertical. But a vertical
strut, used in buildings or frames, is called a column.

Definition of Column

A long slender bar subjected to axial compression is called a column.

The term is frequently used to describe a vertical member. Sometimes direct
stresses dominate and sometimes flexural or bending stresses dominate.

Axial Compression means the compressive forces act at the two ends of the member
in the opposite direction and are along the same axis.

Difference between columnandstrut

The difference between column and strut is that former is used to describe a vertical
member whereas latter is used for the inclined members.

Short Column

The failure initiates due to crushing of material and direct stresses are dominant. For short
column, if

L <4d and KL/rmin< 30

Where

d = least lateral dimension.

L = Unbraced length of the column.

k = effective length factor depends upon the end conditions of the column.
I'min = least radius of gyration.

Slender or long Column

In these, failure initiates due to lateral buckling and flexural stresses are dominant. If
L > 30d

or
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KL/rmin> critical slenderness ratio.

Slenderness Ratio
The tendency of the column to buckle (fail) with ease under the action of axial

compressive load is measured by a parameter known as slenderness ratio which is
usually defined as the ratio of equivalent (or unsupported) length of column to the
least radius of gyration of the column section. It is obviously unit less.

Failure of a Column or Strut:-

It has been observed, that when a column or a strut is subjected to some

compressive force, then the compressive stress induced,

o=—

A
Where P = Compressive force and
A= Cross-sectional area of the column.

A little consideration will show that if the force or load is gradually increased
the column will reach a stage, when it will be subjected to the ultimate crushing
stress. Beyond this stage, the column will fail by crushing. The load corresponding to
the crushing stress, is called crushing load.

It has also been experienced that sometimes, a compression member does
not fail entirely by crushing, but also by bending i.e., buckling. This happens in the
case of long columns. It has also been observed that all the short columns fail due to
their crushing. But, if a long column is subjected to a compressive load, it is
subjected to a compressive stress. If the load is gradually increased, the column will
reach a stage, when it will start buckling. The load, at which the column is said to
have developed an elastic instability, is called buckling load or crippling load. A little
consideration will show that for a long column, the value of buckling load will be less
than the crushing load. Moreover, the value of buckling load is low for long columns
and relatively high for short columns.

Euler's Column Theory:-

The first rational attempt, to study the stability of long columns, was made by
Mr. Euler. He derived an equation, for the buckling load of long columns based on
the bending stress. While deriving this equation, the effect of direct stress is
neglected. This may be justified with the statement that the direct stress induced in a

long column is negligible as compared to the bending stress. It may be noted that the
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Euler's formula cannot be used in the case of short columns, because the direct

stress is considerable and hence cannot be neglected.

Assumptions in the Euler’s Column Theory:-

The following simplifying assumptions are made in the Euler's column theory:-

1.

6.

Initially the column is perfectly straight and the load applied is truly axial.
The cross-section of the column is uniform throughout its length.

The column material is perfectly elastic, homogeneous and isotropic and
thus obeys Hooke’s law.

The length of column is very large as compared to its cross-sectional
dimensions.

The shortening of column, due to direct compression (being very small) is
neglected.

The failure of column occurs due to buckling alone.

Sign Conventions:-

Though there are different signs used for the bending of columns in different

books, yet we shall follow the following sign conventions which are commonly used

and internationally recognized.

(a) Positive (b) Negative

A moment, which tends to bend the column with convexity towards its
initial central line as shown in (a) is taken as positive.
A moment, which tends to bend the column with convexity towards its

initial central line as shown in (b) is taken as negative.

Types of end Conditions of Columns:-

In actual practice there are a number of end conditions for columns. But usually

four types are important from subject point of view. They are as follows:

Both ends hinged
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e Both ends fixed
e One end is fixed and other end is hinged, and
e One end is fixed and other end is free.

Columns with both ends hinged (Derivation of expression for Critical load)

Consider a column ABof length Ihinged at both of its ends A and B and carrying a
critical load at B. As a result of loading, let the column deflect into a curved form
AX;B as shown in Figure below.
Now consider any section X, at a distance x from A.
Let P = Critical load on the column,

Y = Deflection of the column at X.

Moment due to the critical load P,

M=-P.y
d’y
EIF=—P.y ... (Minus sign due to
X
Concavity towards initial
Centre line)
d2
El WX p.y=0
d’y 9
or —+—y=0
ac el

The general solution of the above differential equation is

erofz el

Where A andB are the constants of integration. We know that when x=0, y=0.
Therefore A=0, Similarly when x=I, then y=0. Therefore

A little consideration will show that either B is equal to zero or sin(lJ%J =0. Now if

we consider B equal to zero, then it indicates that the column has not bent at all. But
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Now taking the least significant value,

@

Or

2El
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Columns with Both Ends Fixed:-
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Equivalent length/Effective length of a column

The equivalent length of a given column with given end conditions, is the length of an
equivalent column of the same material and cross-section with both ends hinged and
having the value of the crippling load equal to that of the given column.

EXAMPLE 1:- A steel rod 5 m long and of 40 mm diameter is used as a column, with
one end fixed and the other free. Determine the crippling load by Euler’s formula.
Take E as 200 GPa.

SOLUTION. Given:-Length (I) = 5 x 10° mm ; Diameter of column (d) = 40 mm and
modulus of elasticity (E)= 200 GPa = 200x10° N/mm?.

We know that moment of inertia of the column section,
| =2 x(d)* = Z x (40)* = 400007 mm*
64 64

Since the column is fixed at one end and free at the other, therefore
equivalent length of the column,
Le=21=2x (5% 10% =10 x 10® mm

7°El 7% x (200x10°) x (400007)

L2 (10x10%)? =2450N

.. Euler’s crippling load, Pg=

= 2.48 kN Ans.

EXAMPLE 2:- A hollow alloy tube 4 m long external and internal diameters of 40 mm
and 25 mm respectively was found to extend 4.8 mm under a tensile load of 60 kN.
Find the buckling load for the tube with both ends pinned. Also find the safe load on
the tube, taking a factor of safety as 5.

SOLUTION Given:-Length |, = 4 m ; External diameter of column (D) = 40 mm ;
Internal diameter of column (d) = 25 mm; Deflection ()= 4.8 mm ; Tensile load = 60

kN= 60 x 10% N and factor of safety = 5.

Buckling load for the tube
We know that area of the tube,
A= x[p? -a?]- 7 [40 - (25F ]~ 765.8 mm?
And moment of inertia of the tube,
T 4 4 T 4 4 4
=—x|D*-d*|==—|(40) —(25)" |=106
=2 x[p* - d*]- 2 a0)* - (25)"]-106 500 mm

We also know that strain in the alloy tube,

e:ﬂ:4—83:0.0012
|  4x10
And modulus of elasticity for the alloy,
Load 60x10°

—65 290 N/mm?

Area x Strain  765.8x0.0012
Since the column is pinned at its both ends, therefore equivalent length of the
column,
Le = I= 4x10° mm
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7’El _ 7® x65290 x 106500

Euler’'s buckling load, Pg = = =4290 N
L’ (4x10°)
=4.29 kN Ans.
Safe load for the tube
We also know that safe load for the tube
_ Bucklingload _ 4.29 _ 0.858 kN Ans.

- Factorofsafety 5
EXAMPLE 3:- Comparethe ratio of the strength of a solid steel column to that of a

hollow of the same cross-sectional area. The internal diameter of the hollow column
is ¥ of the external diameter. Both the columns have the same length and are
pinned at both ends.

SOLUTION. Given:-Area of solid steel column As= Ay (where Ay= Area of hollow
column); internal diameter of hollow column (d) is 3D/4 (where D = External
diameter) and length of solid column (ls) = Iy =(where |y =Length of hollow column).

Let Dy = Diameter of the solid column,
Kn = Radious of gyration for hollow column and
Ks = Radious of gyration for solid column.

Since both the columns are pinned at their both ends, therefore equivalent
lengths of the solid column and hollow column,
Ls=ls=Ly=Ily=L
We know that Euler’s crippling load for the solid column,

o _TEl _ m?E.A K
) L% L2

Similarly Euler’s crippling load for the hollow column

_7°El2’EA K’

P
2y, L2

Dividing equation (i) by (i),

, Dl+d® DZZ(BDY

P, (kqy) 16 D +d° 4

O e
16

_ 25D?

" 16D%

Since the cross-sectional areas of the columns is equal, therefore

2 2
7Dy =T (Dt _d?)=" Dz_(ﬁj _7 1D
4 4 4

4 4 16
_7D?
16
Now substituting the value of D?; in equation (iii),

D%
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2
I;—H:—25|7DD2 :§ Ans.
S 16x

16

EXAMPLE 4:- An | section joist 400 mm X200 mm X 20 mm and 6 m long is
used as a strut with both ends fixed. What is Euler’s crippling load for the
column? Take Young’s modulus for the joist as 200 GPa.
SOLUTION. Given:-Outer depth (D) = 400 mm ; Outer width (B) = 200 mm ; Length
(I) = 6 m = 6 x10°> mm and modulus of elasticity (E) = 200 GPa = 200 x10° N/mm? .
From the geometry of the figure, we find that inner depth,

d = 400 — (2 X20)= 360 mm y
and inner width, b = 200-20 = 180 mm =i

We know that moment of inertia of the joist section about X-X a

™ :é[BD?’—baa]

x——--ll———— X 400
:é[zoox (400)° —180 x (360)° |mm i
— 20
=366.8 x 10° mm* ...(0) {} |
L
3 3 T e fe
Similarly lyy = {2x 2 x(200) } 360 (20)° 4 1 )
12 12 — 200 —

=2.91 x10° mm*
Since lyy is less than Ixx, therefore the joist will tend to buckle in Y-Y direction.
Thus, we shall take the value of | as lyy= 2.91 x 10® mm*. Moreover, as the column

is fixed at its both ends, therefore equivalent length of the column,

Lol (6x10°)
2 2
Euler’s crippling load for the column,
_ 72El _ ? x(200><103)>< (2.91><106)
L’ (3x10°)

=638.2 kN Ans.

=3x10°mm

P. = 638.2x10°N
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CHAPTER-7
ARCHES

An arch may be defined as a curved girder, having convexity upwards, and supported
at its ends. It may be subjected to vertical, horizontal or even inclined loads. In the past, the
arches had been the backbone of the important buildings. But in the modern building activity,
the arches are becoming obsolete. Today, the arches are being provided only for the
architectural beauty in ultra modern buildings.

Types of arches:

A three —hinged arch may be either of the following two types, depending upon the
geometry of its axis:
1. Parabolic arch
2. Circular arch

Practical application:

Actual arch:

Keeping all these factors, as well as the architectural beauty of an arch in view , its
centre line is usually given a circular, parabolic or elliptical shape.

The supports A and B of the arch are called springing. The centre line of the arch
(shown by chain line) is called axis of the arch. The highest point on the arch axis C is called

crown of the arch and its height from the springing (y) is called rise of the arch as shown in

fig.

Three-hinged Parabolic Arch :

b S SSOE. SR S, B

A three-hinged arch, whao three-hinged parabolic

! "
4 - ¥ nesupports A and B as

arch. Consider a three-hinged par
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well as at the crown C, as shown in fig. Now consider a point X, on the axis of the arch, at a
distance x from A.
Let ©= Angle,which the tangent at X makes with the horizontal.
| = span AB of the arch
y = rise of the point X from the springings
yc= rise ofthe crown from the springings
Now we taking A as the origin , we know that, equation for the centre line of a

parabolic arch is,

y=kxX(l =X)———————— (i)

Where K is a constant.
We know that, when x :IE , ¥ =Y.. Therefore substituting these values of x and y in
the equation (i), we get

(. 1) kI?
k|- |25
Ve 2( 2) 4

7

|2

Now, substituting the value of k in equation (i), we get,

This is the required equation for the rise y of an arch axis, from its springings, at a
distance x from the support A or B

Note: 1. The value of y, when x :!I

4y | I 3y
= e o222
Y= 4( 4) 4

2. The slope of the angle O may be found out by differentiating the
equation (ii) with  respectto x i.e,

=Y x1-x)= e ix-x7)
ﬂ:tan0= 4y,
dx 12

(1-2x)
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Horizontal Thrust in a Three-hinged Arch:

The arches , having honged supports, at their two ends and also having a third hinge ,
anywhere between the two ends, are known as three-hinged arches. The third hinge is,
usually, placed at the crown of the arch . Since no bending moment can exist at the hinges,
therefore the line of thrust, in a three-hinged arch, must pass through the three hinges. The
reactions at the two have both vertical and horizontal components when an arch is subjected
to vertical loads only. The horizontal components at the two supports will be equal and
opposite. When the two ends of an arch are at the same level, the two vertical reaction R and

Rg may be found out in the same way as in a simply supported beam.
Let |=span of the arch
Yc = Central rise of the arch
H = Horizontal thrust on the arch.
A little consideration will show that, bending moment at the crown of the arch,
M, = u, —Hy,

K = Beam moment at C due to loading (i.e by considering the arch as a simply

supported beam of span )
Hy. = Moment due to horizontal thrust.

Since the arch is hinged at its crown, therefore the bending moment at the crown C will be

Zero.
He — Hyc =0
Hy, = u,
oo e
Ye

This is the required equation for the horizontal thrust on an arch.

Example 7.1: A three-hinged parabolic arch of span 40m and rise 10m is carrying a

uniformly distributed load as shown in fig: Find the horizontal thrust at the springings.
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Vi Ve

Solution : Given: Span (I) = 40m and central rise (y;) =10 m

H = Horizontal thrust at the springings.

Va = Vertical reaction at A , and

Vg = Vertical reaction at B
Vertical reaction Vg at B can be calculated by taking moments about A and equating
anticlockwise moments with clockwise moments.

V, x40 = (30x 20)x10 = 6000

~ 6000

V, =150kN
0

The beam moment at C due to external loading,
1, =V x 20 =150 x 20 = 3000kN —m

Horizontal thrust, H = He _ % = 300kN

c

Example7.2: A Three-hinged parabolic arch of span 20m and central rise of 5 m carries a
point load of 200kN at 6m from the left hand support as shown in fig:

200 kN

V. Vs

1
!:_(‘ s 20 m :,J

a. Find the raction at the supports A and B.
b. Draw the bending moment diagram for the arch, and indicate the position of
maximum bending moment.
Solution:Given: Span(l) = 20m, Central rise (y;) = 5m and horizontal distance between
tneload and the left support (x) = 6m
Reaction at the supports
Let V= Vertical reaction at A

Vg = Vertical reaction at B
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Vertical reaction Vg at B can be calculated by taking moments about A and equating
anticlockwise and clockwise moments,

V; x20=200x6=1200

10y

VB
V, =200-60—-140kN
The beam moment at C, due to external loading,

U, =V x10=60x10 = 600kN —m

Horizontal thrustat Aand B, H = Ho _ 6%0 =120kN
Ye
We know that Reaction at A,
R, = V> +H? = 1402 +120% =+/3400
=184.4kN
And Reaction at B,
Ry = Va2 +H? =+/60° +120% =+/18000
=134.2kN

Position of maximum bending moment

First of all draw the bending moment diagram as discussed below:
1. Draw the arch ACB with the givenspan and rise.
2. Since the bending moment at A,B and C is zero,therefore join B and extent this
line.
3. Draw a vertical line through D,meeting the line BC at E.
4. Join AE.

Now , AEB is the required bending moment diagram. From the bending moment diagram, we
see the maxmum positive bending moment takes under the load.
Rise of the arch at D,
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4
y=%X(l—X)

:‘;X‘r’xa(zo-e):

02

6x14

4.2m

Maximum positive bending moment at D

M, =V, x6)—(Hx4.2)=(140x6)—(120x 4.2)

=840—-504 = 336kN —m
From the bending moment diagram, we also see that the maximum negative bending moment
takes place in the section CB. Let the maximum negative bending moment take place at a

distance of x from B. We know that, Rise of arch at a distance x from B.

y:%x(l—x)— 4x5 x(20 - x)

E T 20%20
2
=L(20_x):x_x_
20 20

Bending moment at X at a distance x from B,
X2

M, =Vgx—Hy =60x-120| X ——
20

= 60X —120X + 6x°
= 6x* — 60x
Now, for max. Bending moment, let us differentiate the above equation w.r.to x and equate it

to zero

9 (6x* —60x)=0
dx

12x-60=0
X=5m

Rise of the arch at a distance of 5m from B,

4 4x5
*y:%x(l—x): 2O::20><5(20—5)

Max. Negative bending moment at a distance of 5m from B.
M max :VBX_ Hy = (60X5)—(120x%)

=—150kN —m
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Note: We can also calculate the rise of arch at a distance of 1/4 form C

3y, 3x5 15
y: = =—m
4 4 4
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