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ENGG. MATHEMATICS -1l FOR DIPLOMA 2"° SEM STUDENTS
UNIT-I

SCALAR AND VECTOR

Scalar Quantity: Scalar Quantity is a physical quantity which has only magnitude.

Ex- mass, temperature, speed, distance

Vector Quantity: Vector quantity is a physical quantity which has both magnitude and direction.
Ex- Displacement, Velocity, acceleration, weight

Types of Vector Quantity:

Null vector:- Null vector is a vector whose magnitude is Zero
Parallel vector: Two Vectors are said to be parallel to each othe if they have same direction.

» Ifuand v are two non-zero vectors and u=cv, where c is a scalar then u and v are
parallel to each other.
Unit Vector: A Vector which has unit magnitudeds said to be unit.vector.

Collinear Vector : vectors which liesalong the same line or parallel lines are known as
collinear vector.

Representation of vector:-
d, unitvectori, ik ,a

S

> Any‘vector in three dimensional co-ordinate system can be represented as x{ +
yj+ zk, where i,j &k are the unit vectors along X-axis, Y-axis and Z-axis
respectively.

» Any vector in two dimensional co-ordinate systems can be represented as xi +
yjwhere 1 & j are the unit vectors along X-axis & Y-axis respectively.

Magnitude and direction of a vector
letu = xi + yj

magnitude- \/x? + y? = |u|

direction 8 = tan™?!

R I



Three dimension: - let i = xi + yj + zk
|u]| =+/x% + y2 + 22,

y z
Vx24y2+422 " \[x24y2422 ' \[x24y2422

direction<

Ex: -find the magnitude and direction of U = 21 + 3j

magnitude- \/x2 + y2 = [t| = V22 + 32 =4+ 9 =13

direction = tan" 1=

2

Algebra of vectors: —
U =xi+yj+zk &V = ai + bj + ck then
i+v=(x+a)i+(y+b)j+(z+o)k

Ex-1=2{+3j—5kv=10—2]+7k
_|_

=Q2+1i+B-2)j%* (-5+ Nk =31+]+2k

ii—v=1+5]—12k
Scalar Product or dot product of two vectors:-
Let U & ¥ are two vectors then their Scalar Product or dot productis u.v =
|i].|V|cosb
Moreover if ii = xt+vj + zk & ¥ = ai + bj + ck then
Uuv=x.a+yb+zc

>

= ai+ bj + ck

<N

i=xi+yj+zk&
U.% = (xt+yj+zk )(al + bj + ck)
=x.ail.i+x.bi.j+xcl.k+y.aj.i+y.bj.j+ycik+z.ak.i+zbk.j+zck k
=x.a.1+0+0+0+y.b+0+0+0+z.c=x.a+y.b + z.c
ti=1jj=1kk=1

Ex:-1 = 2i +3j + 5k ¥ = 1 + 2] + 7k find 1. ¥



Uv=21+32+57=2+6+35=43

Geometrical interpretation of Scalar product:-

(0] M A
leti = OA and let ¥ = OB then 4. % = |i|.|%|cos@
= |0A|. |OB| 'OM' = |04|.|0M|

:l
dl

=>|0M| = =ﬂ

]

| &l
QU

Therefore scalar projection of ¥ on U =

=

|E

Also scalar projection of U on v = I

<

Example:- Find the scalar projection of i £ 2i — 3j + Skon v = i — 2j + 7k
Solution: - Scalar projection of i on v = ﬁ
Now .UV =21+ (=3) * (—2) + 5% 7= 43

[9]= 12 + (=2)2 + 72 = V54.=.36
uv 43

Scalar projectionof i on v = =—
pro] EEG

Example:- Find the scalar projection of .= 1 —
Solution: - Scalar projection of U onv.= Tle
Now . D =11+ (=2)*x(1)+3x1=2
19]=/12 + (1)> +12 = V3 =43
Scalarprojection of fon & = 2= = 2

et BCRE
Vector Product or Cross product of two vectors:-

Let U & v are two vectors then their Vector Product or cross productis uXv =

\-o
W‘)
‘§¢
Il
~>
+
~>
+
=

<

|dl. |V]. sin@
Moreover if i = xi + yj + zk & ¥ = ai + b] + ck then

~>

a N &



Ex:-i = 21+ 3j + 5k & ¥ = i + 2] + 7k find uX¥
i ]k
Solution:-uXv =2 3 5§
1 2 7
=i(3%7—2%5)—j(2*7—-1%5)+k(2*2—1%3)
=11i—9j + k
Ex:-1l =1—3]+ 5k & ¥ =1+ ]+ 2k find uXv
ik
uXv=|1 -3 5
1 1 2

=i(-3%2—-5%1)—j(1*2—-1%5) +k(1x1—1%-3)
= —111 + 3] + 4k

Geometrical Interpretation of vector product:-

B

\ 8

O M A

Let U & U are two vectors which arerepresented by
04 and OB respectively in the pic.

We know that uXv = |u]. |¥]. sind

=> iiXi= 0A.0B.22 = 0A.BM

=> UXv = area of the parallelogram OACB

Vector Projection: -

E
<l

Vector projection of ¥ on U =

=l
™

8l
<
<N

Vector projection of 4 on v =

=
N

Example:- Find the vector projection of ¥ = § + 2 + 7k
oni = 21+ 3j + 5k



1)

£l

Solution: - we know that Vector projection of ¥ on i = @ﬁ

.0 =43&|d| = V38

L (2t +3j +5k) = 43(2“+3“+5/!E) = 43”+129“+215IE
T ) BECA ~19' 7387 " 38

Ex- find area of a parallelogram whose sides are representer by the vectors i — 3j + 5k
and i+ + 2k

We know area of the parallelogram is magnitude of cross product of two vectors
represented the sides of parallelogram

Here two side of vector givenis let 7i={—3j+5k ¥ =1+j+ 2k
So area of parallelogram is
i 7 ®
uXv=|1 -3 5
1 1 2

={(=3%2—5%1)—j(1 %2 —1%5) +k(1 *1—1%—3)
= —111 + 3] + 4k
Now area is magnitude of
| UX?| =(=11)2 + 32 + 42 =121 + 9.+ 16 = /146

Ex- find area of a triangle whase twg'sides are represented by the vectors — 3j + 5k and
i+ + 2k

We know area of the triangle is magnitude of half of cross product of two vectors
represented the sides of triangle

Here two side of vectorgiven is let =i —3j+5k v =1+4j+ 2k
So area of triangle is
L | L
Suiv =511 -3 5
1 1 2

1 -
=5@{(=3+2-5+1)=j(1+2-1+5)+k(1+1-1+-3))
=~ (—111+ 3] + 4k )
Now area is magnitude of

1 1 1
ElﬁXﬁl = 5\/(—11)2 +32+42=+121+9+ 16 = E\/146




DIFFRENTIAL CALCULUS (oerivative)

DERIVATIVE OF A FUNCTION BY USING DEFINITION

Differentiation: - The procedure of finding derivative of a function is called as
differentiation.

Find the derivative of x? by using definition.

lim flx+8x)-f(x)
5x—0 6x

Here f(x) = x?

d . x+6x)%2—x2 . x+8x+x)(x+6x—x
_XZ = lim ; = lim ( X )
dx Sx—0 ox Sx—0 Sx
. 2x+6x)(6x .
= Jim 00D _ iy (2x + 6x) = 2x
5x—0 éx 5x—0

Find the derivative of x3 by using definition.

Methods of differentiation:-
1) Parametric Function:-
y=f(x) (Explicit function)
f(x,y)=0 (implicit function)
y=f(t) and x=g(t) (parametric function)

Derivative of implicit function:-

Ex:- sinx.cosy+x:y=0 find Z—z

sinx.cosy + x.y =0———(1)
dif ferentiating equation (1)with respect to x, we get
d . d
a(smx. cosy +x.y) = EO

d d
=> T (sinx.cosy) + Tx (x.y)=0

d . . d d d
=> (a smx) cosy + sinx. - (cosy) + T (x).y + X y)=0



dy

. _dy
=> cosx.cosy + sinx. (—smy).a +1y+x. I 0
=> 22 _sinx.siny + +y=0
=>x.—— —sinx.siny ——+ cosx.cosy +y =
dy o
=> Ix (x — sinx siny) = —(cosx.cosy + y)
s dy  cosx.cosy+y
T dx  x—sinx.siny

ex:—a*.e” = 0then findZ—z H.W

DERIVATIVE BY USING LOGARITHM

f=xY

y=x”
logy=logx”
logy=ylogx

d d

2 {logy)= —~ylogx

1dy

y dx

1dy dy 1
—=—=logx —+y=
y dx g dx yx

1 dy _
G - logx) =

1-ylogx, dy y
s bt

dy_ Y y
dx_ x(

dy _

dx

y=x

1d
=
y dx

dy, d
=logx £+ya (logx)

Taking log on both sides, we get

logy = log(x5"™) => logy = sinx logx

[as logx” = y logx,log(xy) = logx + logy, logi = logx — logy]

Now differentiating both sides, we get

d .
=> alogy = (sinx logx)



—>1dy—(d i )l + sinx
= ydx = delnx ng sSinx. dx ng

Sl logx + si
= ydx = COSX. ng Slnx.x

=> =2 = y(cosx. logx + si 1)
=>——=y/|cosx.logx + sinx.

=> 4y _ x5% (cosx. logx + sinx.l)
dx x

Ex:-y = x* findz—y H.W

X
Ex:-y = xtanx findd—y
4 dx
y — xtanx
Tanking log on both side, we get

logy = logxt*™* => logy = tanx logx

Differentiating both sides with respect to x, we get

—>dl —dt [
=> - logy'= ——tanx logx

1dy

d d
yax [a (tanx)] logx + tanx [a logx]

. ST + tanx.~
= ydx—SeC X.logx anx.x

1
=y [sec2 x.logx + tanx. ;]

1
=>— = x!¥¥ (sec? x.logx + tanx.;)

d .
Tx (cosy) thinky =X

d X dy
dx COSA = —SIn .dx— smy.dx

d , . _ dy
™ (siny) = cosy ™

:—x(cosx3) Thinkx3 = X



d . ax . d .
—cosX = —sinX.— = —sinx3.—x3 = —sinx3.3x?
dx dx dx

DIFFRENTIATION OF A FUNCTION WITH RESPECT TO ANOTHER FUNCTION OR
PARAMETRIC FUNCTION

. ., d
y=sint and x= cost then find d_jc)

dy
dy (dy) (dt) at
—_— =% )| = ——
dx dt dx dx

dt
dy d . . .
— = —sint = cost;
dt dt
dx d . v
— =—cost = —sin
dt dt
R - LI,
dx % 7 _sint
. .d
y=t2andx=atfmd£
d d
222 g
dt . dt
dx . doy, ()
—=—a"=a‘lna
dt dt
d
dy _ G _ 2t
dx % atina
dat
. dy
y=sectandx=cosectfmda

Q-Diffrentiate sinx War.t cos x

y1=SinX Yy2= COS X

dy, d ..

2% (sinx) = cos x

dx dx

dy, d .
22_2 (cosx) = —sinx

dx dx

dvi_dyi  dy, _ cosx
dy, dx = dx —sinx
ALTERNATELY

p=sinx Qg=cos X

d, .
P_Z (sinx) = cosx
dx dx



d .
(cosx) = —sinx

dq _
dx_dx

dp dp . dq cosx
—=— 4 — = ——=-Ccotx
dq dx dx —sinx

Q-Diffrentiate 3™ w.r.t logx

y1=35"%  yo= logx

dyl_ d

sinx | — 2sinx i
o (3 )— 3 .Iog3.dx(smx)

= 351X |og3.cosx

dy,_d 1
“=— (logx) = -

dy,_dy: . dy2 35INX 1og3.cosx
dy, dx = dx ()

= x .35™* |og3.cosx
Q- Q-Diffrentiate e¥w.r.t tan"1(cosy)
p=e” q=tan"!(cosy)

dp d(y)_ey

dy dy
dq d -1
tan coS = ———|CO0Ss
dy dy ( ( )’)) 1+coszydy( Y)
(=siny)
1+cos2 ( y) 1+cos?y
dp_dp _dq _ .y . (=siny) _ (1+cos?y)eY
dq dy’  dy " 1+cos?y (-siny)

Q- Diffrentiate sec 1 xw.r.t cos 1 x

yi=sec 1 x ya=cos™1 x

—=—\SecC X ) = —F/—

dx d ( ) xVx2—-1

dyz -1
CcoS~ X =

dx dx ( ) V1—x2

dy, dy, ., dy; 1 . _~1

dy, dx  dx xVx2-1 Vi-x2?

_ —V1-x?
xVx2-1



Q- Diffrentiate sinx w.r.t ex’

. 2
yi=sinx yx=e*

dy, d , .

% (sinx) = cosx
dx dx

dyz_i X2\ _  x2
—dx-dx(e ) =e"".2x

dy,_dy, , dy; _ cosx

dy, dx T odx  e*?x

Find the derivative of sinx with respect to cosx.

Let y=sinx and z= cosx

dy

. dy _dy dx
To find 2 =2« 2 = dx
az dx dz P
X

d dz .
Here & = cosx and — = —sinx
dx dx
d i
Tx cosx
D —de - O oy
dz 2z —sinx

Ex:- Find the derivative of a* withrespect to secx.
Ex:- Find the derivative of x3 withrespect to e*.

Ex:- Find the derivative of logx with respect to tanx.

Successive derivative:-

y=f(x) then Z—z — 1st derivative

d? . , .

d—x); — 2nd sucessive derivative

d3y . , . d . .
i 3rd successive derivative or 34 order derivative

. .o d? . o N
y=sinx find d_x)Z/ or second successive derivative or 2" order derivative

d’y _ddy _

. d d .
y=sinx=> 2 = cosx => = = —(cosx) = —sinx
dx dx? dxdx  dx



d3y d d?y d .
—_— = (—Slnx) = —
dx3 dx dx? dx ( St ) cosx
. d%y . d3y
=cosx find — & —
y dx?2  dx3
y=X
dy _ _dzy —0
dx ~ dx?
y=sinx
d dz . a3
Y= COSX; &Y —Slnx;—y = —CcoSsXx
dx dx? dx3
d* . .
d—xi’ = —(—sinx) = sinx

If there is any doubt on differentiation ask
Find the derivative of tan? x? — 2x? + 3
Solution:- :—x (tan?x? — 2x2 + 3)
_a 2.,2y4 4 o2y, 4
= dx(tan X )+dx( 2x )+dx(3)
_a 2.,21_» 4 (.2
—dx[tan x*] de(x )+0
_ 4 2,27 _
= dx[tan x*]—22x+0
= :—x [tan? x?] — 2x? = 2tanx?.sec? x%42x — 2x?
A ran2 o2 = 4 242
Now — [tan® x%] = — (tanx*)
2L 4 rv2 — ax _ 2 4 2
[tanx®=X] =— X): = 2X. -, = 2tanx®.— (tanx?)

[x2=X] ‘=2tanX. L (tanX) = 2tanX.sec2X .2
dx dx

d
= 2tanx?.sec? x? .Exz = 2tanx?.sec? x?.2x



PARTIAL DERIVATIVE

Partial Differentiation: - The procedure of finding partial derivative of a function is
called as partial differentiation

Function with more than one dependent variable.
y=sinx

variables: - y (dependent) & x (independent)
Z=SInX.cosy-+cosx.siny

variable: - x,y(independent) & z(dependent)

9z_ 9 (sinx.cosy + cosx.siny)
ax  dx ) y ) Y

5} , d ,
= (sinx.cosy) + pw (cosx.siny)

a . .8 0 . o, .
= (E smx) .cosy + sinx — (cosy) + [5 (cosx)] siny + cosx.— (siny)
= cosx.cosy + sinx.0 + (—sinx)siny + cosx.0

= C0SX.c0Sy — sinx.siny

= (). 9(0)) =G (F(0))-96) + FO)=-g ()

Q-z=sinx.cosy+eesx.siny

fz 38 (sinx.cosy.+ cosx. siny)

a ;. ) .
=5 (sinx.cosy) + pw (cosx.siny)

Jd . , 0 a . a .
= (E smx) .cosy + sinx 3 (cosy) + [5 (cosx)] siny + cosx. 7 (siny)

= 0.cosy + sinx. (—siny) + 0.siny + cosx.cosy

= €0SX.c0Sy — sinx.siny

d d d

£ (F(®).-9)) == (F@))-g () + f (). 2= g (x)
. 0z 0z

Let z=a*.y + x.a” then find pw and %

9z _ 98 (,x Yy =9 (g% 9 y
ax_ax(a .y+x.a)—ax(a .y)+ax(x.a)



_ (9 _x x 9 9 y 9 _y
—(ax.a).y+a .axy+(axx)a +x.ax.a
=a*lna.y+a*.0+ 1.a” +x.0 = ya*lna + a”
9z _ 0 ( x vy = 9 (,x 9 y
6y_6y(a .y+x.a)—ay(a .y)+ay(x.a)
_ (9  _x x 9 9 y 9 _y
—(ay.a ).y+a .ayy+(ayx)a +x.ay.a

=0.y+a*1+4+0.a” + x.a”lna = xa’lna + a*

-Let z=x2 2 ind 22 and &
h.w-Let z=x“y + x.y* then find ™ and 3y

Find f(1,2) , f,(1,2) if f:(i’:;i)
_i 2x—3y)
X Tox x2+y2

a a
(22 +y?)5 (2x=3y)—(2x=3y)5-(x*+y?)
(x2 _+_y2)2

=

_(x%+y?)2—(2x-3y)2x
- (x2+y2)2

fx

(12+22)2-(2.1-3.2).2.1

fx(112)= (12_+_22)2

10—(—4)2
(5)2

fx(1,2)=

18
fx(1,2)= E

_ 0 2x-3y
v _ay x2+y2

)

2,52y0 (5020 (2xrlav) O (x2 42
_(7AY)5,(2x—-3y) - (2x=8Y) 5, (x4 %)

A (x2+y2)2
£ 2OZHYA(=3)-(2x78y)2y
y (x2+y2)2

_ (12+22)(-3)-(2.1-3.2).2.2
fy(llz)_ (12+22)2
£,(1,2)= —15—(—4)4

(5)?

f(1,2)=



find fx and f, of f= x¥+y*
9

fx =a(xy+yx)

fx =yxy‘1+yxlogy

fy=—(x” + y%)

har y

fy:xﬁ)’logx + xyx—l

Q-find fx and f, of f= x¥
d
=2 (xY
fo=o-(x”)

fx =yxy'1

Q- find fx and f, of f(x,y)= 5xy?+4x
f =i(5xy2+4x)
X " ox

fx=5.1.y2+4.1

fi=5y2+4=2L

X

fy =:—y(Sxy2+4x)

fy=5.x:2y+0

fy=10xy=%

% :fx"::_x(fx): :—x (5y*+4)=0

ZZT{ =fvv=%(fv)= % (10xy)=10x.1=10x
azzafy =fxv=:_x(fy)= % (10xy)=10.1.y=10y
azzafx =fvx=%(fx)= :—y (5y% + 4)=10y



INTEGRATION

The integration is the process of finding the antiderivative of a function. The integration is the inverse
process of differentiation.

The function F (x) is called anti-derivative or integral or primitive of the given function f (x)
and c is known as the constant of integration or the arbitrary constant. The function f (x) is
called the integrand and f (x)dx is known as the element of integration.

a, . .

= (sinx)=cosx [ cosx dx = sin x+c

d . .

— (cosx)=-sinx [ sinx dx = —cosx +c

céx

—-(tanx)=sec’x [ sec®x dx = tanx+c

d

— (cotx)=-cosec’ [ cosec?x dx = —cotx+c

d
— (secx)=secx. tanx
dx
[ secx.tanx dx = secx+c
d
—(cosecx)= -cosecx. Cot x
[ cosecx.cotx dx = —cosecx+c
d
E(ex)= e* [e*dx=e"+c
d 1 1
—(logx) = - f; dx = logx + ¢

+.c

() =@ Jwrad

loga

% (x™h) (n + 1)x@+D-1

n+1 n+1
n+1 Tl+1
;—x—(xnﬂ): X" [ xMhdx = ( ) +c¢,n¥ —1
1+1 2
[xtdx = CIAED PP e
oo %
[x?dx= O 4=
241 3
[x72dx = (G B
—-2+1 -1 x
fx‘l dx = logx + ¢
( 6+1) 7
JxCdx ="+ c-— c
7+1 8
[x7 dx = CIARD RPN v
78-:% 89
[x8dx =24 c=S1c
81 N
[x8dx =" 4 c=2"c
—8+1 —7



4 sin~1 x=
dx -

1 1
V1-x2 f Vi-x

= dx =sin"'x+c¢

L — —cos-1
J 7= dx =—cosTtx+c

dx =tan 'x +¢

4 cos~t x= —
dx T Vi-x2
d, _q 1 1
—tan X= —
cilx 1+x2 f1+x2
-1
—SecC X=
dx xVx2-1 fx\/xz—l

Question [ cos2x dx
2x=t
4, at

d
—2Xx= —t=
dx dx dx

dt
Z_E ) dx= dt/2

guestion-

3x=1t

d d.  dt
—3x= —t=—
dx dx dx

3% dx=dt/3
dx

Question-[ sec?3x dx
3x=t

d d, dt
—3x= —t=—
dx dx dx

3=%  4x=dt/3
dx

Question- [ (x'+1)%dx
=[(x% + 2x + 1)dx
x3  _x?
=— +2— +X+C
3 2
x3 2
=—+ x? +x+c
3
Question- [ (x + 1)%dx
Let t= x+1
i(x+1)= LpL
dx at dx dx
1==
dx

dt=dx

dx =sec 'x+c

dt
fcost dx =]cost7

1[ tdt—l't-i- —1'2+
5 | costdt =z sint + ¢ = 5 sinZx g

j sin 3x.dx

. _ dt
]sme dx = ]smt?

1 1 -1
5[ sint dt = g(—cost) +c= ?cos3x +c

dt
= fsecz3x dx = fseczt?

1 1 1
= §jsec2t dt = §(tant) +c= §tan3x +c



3
=[(t)2dt = +c
=@+
=(x3 +3x2+3x+1)/3 +C

3
=x33x+ +i+c

=?+x +x+c

[(x + 1)%dx
=[(x? + 2x + 1)dx

x3 x?
=—+2— +x+cC
3 72

x 2
=7;'+.x +X+C

Question- [ (2x + 1)%dx
Let t= 2x+1

d d dt
a(2X+1)— at—a

dt
2=—
dx

dt/2 =dx
94, _(7at _ t'°
[(2x + 1)°dx -f(—2 =

2.10
_(2x+1)°

20
QUESTION- [ 2x? + e*dx

= f2x2dx + [ e*dx
—2—+e +c

QUESTION [(1 = x)Vx dx
[Vx — x% dx

=f\/§dx fx% dx

xz xz
=— 5 +C

2 2
3 5
2x2  2x2

3 5
QUESTION- [

x343x+4

dx

=f\/_+\/_+\/—_dx

—f\/_dx+f dx+f\/_dx
—fodx+f3x2dx+f4x2 dx

x2 x2 x2
=53 5+4—T+cC

2 2 2
Question [ secx(secx + tanx) dx

=[ secx(secx + tanx) dx

=[ sec’x + secx. tanx) dx

=[ sec?x dx + [ secx.tanx dx
=tanx+secx+c

. sec?x
Question [
CcoS

ec?x

dx




2
=) oy O

=[ tan®x dx
=[sec?x — 1dx
=[sec?xdx — [ 1dx
=tanx-x+c

Formula[ tanx dx

=[ tanx dx
sinx
[T Gy
COoSX
t=cosx
ac_ .
—= -sinx
dx
-dt=sinx.dx
sinx —dt
=[—dx=[—
COSX t
=- logt+c
= -log cosx+c
=log (cosx)1+c
=lo L +C
B gCOSX
= log |secx| +c
=log secx+c

[ tanx dx=log secx+c

FORMULA | cotx dx=log sifix+c

cosx

[ cotx dx=f — dx
sinx
t=sinx
dt
—= COSX
dx
dt=cosx.dx
=f C?SX dx = fﬁ
Sinx t
= |ogt+C
= log sinx+c
[ cotx dx=log sin x+c
FORMULA f secx dx
f secx dx=f secx(secx+tanx)

secx+tanx
f sec?x+secx .tanx

secx+tanx
t=secx + tanx

dt )
—-=secx . tanx+sec?x
dt= (secx . tanx+sec?x)dx
=[ secx dx



f secx(secx+tanx)
secx+tanx

dt
=logt+c

=log(secx + tanx) + ¢

[ secx dx=log(secx + tanx) + ¢

[ cosecx dx=log(cosecx — cotx) + ¢ HW

Problems on integration by substitution

In this method of integration by substitution, any given integral is transformed into a simple
form of integral by substituting the independent variable by others.

Evaluate [ 132

Taket=1 + x?2
a _ 2dx.

dx

dt=2xdx

f 2x dx

14x2
dt

ar
= |ogt+C
=log(1 + x?) + ¢

q-Evaluate [

dx

1

x+xlogx

1
_f x(1+logx) dx
t=1+logx
dat 1

dx x

dt=l dx
X

1
_f x(1+logx) dx

=log(1+logx)+c

question- [ ¥W/x+.2 dx
x + 2=t
a_q
dx
dt=dx
=[(t =21/t dx
3 1

=[tz—2t2dx

5 3
=22 22 §+c

5
5 3

2t2 t2
== —4—4c
5 3
5 3
2(x+2)2 (x+2)2
= — 4 +C
5 3




QUESTION-

f(\/x——%)zdx=f(x+i—2)dx
=xz—2+logx—2x+c

1 2
= (logx) dx
X
t=logx
de_1
dx x
1
dt=—dx
X
=[ t2dt
t3
=—C
3
_(logn)®

3
Question-[ xvx + 2dx
t=x+2,
a_q
dx
dt=dx
=[(t — 2)\/tdt
3 1
=[tz — 2tz dt
5 3
t2 t2
= — 2—5+C
S 6
5 3
(x+2)2 (x+2)2
== — 2
) )
5 3
_2(x+2)2 _4 (x+2)2
®) @

Question- [ ﬁ; dx

-
TC

1
= T
t=v/x =1

at 1

dx_2¥§
dt:ﬁ dx

1
2 dt_ﬁ dx

1
=f TR

1
__fEZdt

1
=2 —dt
f ®
2log t+c=2log(vx — 1) + ¢

tan~1x

e

Question- [ dx
t=tan"1x

dt=——dx

1+x2

1+x2

1 2
f@/?—ﬁ dx



-1
etan X

dx

=f 1+x2
=[etdt
et +¢
=etan_lx +c
Alternate g-f xvVx + 2 dx
1
x + 2=t (t=\/(x + 2)= (x + 2)?2)
4 -4
dx gix + iz o dx(t )
— (2} ==
1_dt(td) dx
1=2t. &
dx
dx=2t.dt

=[xVx+2 dx
=[(t? — 2)t 2tdt
==[(t3 - 2t) 2t.dt
=[(2t* — 4t?) dt

_2(x+2)§ _ 4(x+2)2 ‘o
5 3
QUESTION f

dx
eX(eX — X
f¥dx

e¥(e* + e™¥)
t=(e*+e™)
dt=(e* — e™)dx
—f e*(e¥—e x)
ex(ex+e—x)

_f(e —€ x)d

=log(e* + e ™)+c

. 1
question | —

cotx
1
=) —s= dx
f1+c¢'7sx
sinx
sinx
LN
Sinx+cosx

fsmx COSX+COSX+SlTlxdx

smx+cosx
f sinx+cosx f sinx—cosx

sinx+cosx sinx+cosx

_—f 1d _fsmx COSX dx

sinx+cosx
f sinx—cosx

_l
_% smx+cosx
—Ex+5f7dt (t= sinx + cosx, dt = (cosx — sinx)dx
—dt = (sinx — cosx)dx
1 1
= X+ (—logt)+c



=%x+§ (—log( sinx + cosx)+c

== (x —log( Sinx + cosx)+c

questlon f —
1+tanx
_f smx
COSX
coSx
= f—dx
sinx+cosx
fcosx sinx+sinx+cosx dx
smx+cosx
f smx+cosx f cosx— smx
smx+cosx smx+cosx
cosx— smx
== f 1dx+— f —_—
sinx+cosx
_1 fcosx smx
2 smx+cosx

=§x+5f;dt (t= sinx + cosx, dt = (cosx — sinx)dx

1 1
—gx+§logt)+c
=5x+5log( Sinx + cosx)+c

== (x + log( Sinx + cosx)+c
nx

questlonf

sinx+cosx

1 f sinx—cosx+cosx+sinx

dx
smx+cosx
f sinx+cosx f sinx—cosx

sinx+cosx sinx+cosx

=—f 1dx+—fs”lx COSX dx

sinx+cosx
f sinx—cosx

l

% stnx+cosx

=X +—f dt (t= sinx + cosx, dt = (cosx = sinx)dx
—dt = (sinx — cosx)dx

=§x+§ (—logt)+c

=§x+§ (—log( sinx + cosx)+c

=§ (x — log( sinx + cosx)+c

0SX

uestion | =———
q f sinx+cosx

fCOSX smx+smx+cosxd
= X

smx+cosx
f smx+cosx f coSx— smx
smx+cosx smx+cosx
coSx— smx
=-f 1dx+— f 22 dx
sinx+cosx
1 fcosx smx
2 smx+cosx
1

=Ex+5f?dt (t= sinx + cosx, dt = (cosx — sinx)dx
1 1

—gx+glogt)+c

=5x+5log( sinx + cosx)+c

=§ (x + log( sinx + cosx)+c

)



questionf

f SLTI.X

cosx

CcoSx
2
CcoSX—Sinx

tanx

fCOSX sinx+sinx+cosx dx

cosx—sinx
cosx—sinx 1 sinx+cosx
=L Losmsin gy 1 p sinxicosx
2

COSX— smx cosx—sinx
f sinx+cosx

__f Ldx+ cosx—sinx dx

1 smx+cosx
=Lyt f_
% COSX sinx
-5x+5f7dt (t= cosx — sinx,dt = (—sinx — cosx)dx

—dt = (sinx + cosx)dx
= x+—1o t)+
=t togt)rc

1 -1 .
= X+— log( cosx — sinx)+c

=§ (x + log( cosx — sinx)+c
INTEGRATION BY USING TRIGNOMETRIC IDENTITIES

question [ cos?x dx
_f 1+cos2x d

2
=§f 1+ cos2x dx

== (f(ldx + [ cos2x dx)
—( +sm2x) (t=2x,dt=2dx,dx=dt/2, fcost =)

question [ sin’x dx

1-cos2x
=f—dx

=§f 1 — cos2x dx
== ~(J(1dx — [cos2x dx)
—( Smzx) (t=2x,dt=2dx,dx=dt/2,fcost%)
wf sindx dx
]sin3x dx
= sin®x.sinx dx
=[(1 — cos*x)sinx dx
=[ sinx dx — [ cos®x.sinx dx
=—cosx — [ cos®x.sinx dx
= —cosx — [ t?.(—dt) (t=cosx,dt=-sinxdx)
= —cosx + f t2dt

t 3
=—C0oSXx + + c=—cosx +

P

+c

Question-

fcos3x dx



=[ cos?x.cosx dx

=[(1 — sin®x)cosx dx

=[ cosx dx — [ sin®x.cosx dx

=sinx — [ sin®x.cosx dx

= sinx — [ t?.dt) (t=sinx,dt=cosx dx)
= sinx — f t2dt

=sinx — — + c=sinx +

n3

x+c

questionl = [ cos*x dx

[ cos*x dx=[(cos?x)?dx

=J‘(1+C052x)2 d

=%f(1 + cos2x)? dx

=%f 1+ cos?2x + 2cos2x dx

== (f 1dx + [ 2cos2x dx + [ cos?2x dx)

== ;O + 2sinzx [cos?2xdx)  (t=2x,dt=2dx,dx=dt/2, [.cost %)

l1= f cosZZx dx
:f 1+cos4x d

2
=§ [ 1+ cos4x dx

=1 (f(ldx + [ cos4x dx)

|1_ (x + Sm4x) (t=4x,dt=4dx,dx=dt/4, [ cost%)
| ——( x + 2sinz + [ cos?2x dx)

_( 4 2sinzx 4 11)

=—( + +- ( +
1 sm2x+ ( +sm4x

=ZX +
Question- fsm X dx

=[ sin®x.dx

=[ sin*x. sinx dx

= (1 — cos?x)?. sinx.dx
T=cos x,dt= -sinx dx

=[ (1-t¥?.(=1)dt
=[(1+t*—2t?).(-1)dt
=[(—1—t*+2t?)dt

5 3
=—t—%+2t—+c

Zsm2x sin4x

)+
—) +C

COS x

Home work
[ cos®x dx

f sin*x dx



QUESTION- [ sin2x. cos3x dx
=[ sin2x. cos3x dx
SIN(A+B)+SIN(A-B)=2SINA.COSB

%f 2 sin2x.cos3x dx
=%f sin(2x + 3x) + sin(2x — 3x)dx

=% [(sin5x — sinx)dx
=l (_ cos5x

+ COSX) +c
2 5

QUESTION- [ sin3x. cos4x dx
=[ sin3x. cos4x dx
SIN(A+B)+SIN(A-B)=2SINA.COSB

=§ [ sin3x. cos4x dx
=§f sin(3x + 4x) + sin(3x — 4x)dx
=2 f (sin7x — sinx)dx

1 ( cos7x

2
QUESTION- [ ——

cosx
=/ 1+cosx
=/

2cos? ——1
J.Zcosz 2005292—6
2X
=[1—2sec?® dx
2777 2
X
=[1dx — [=sec?= dx
2 2

—+ COS.X') +c
cosx

X
2cos2

2cos?Z 1

dx

=x—=.2(tan £)+c
2 2

=x —(tan f)+c

cosx
QUESTION- f
f cosx
1+cosx
cosz——smz2
R
2cos2
2
f cos?= 1sin? E d
= X
Zcos2 2c 32;

—fl——tan = dx
2 2 2

=[2dx — [2(sec?E—1)dx
2 2 2
=~ dx — ((J 5 (sec?Dydx — [+ dx)
1 1 1
=f5dx—(f5(sec2§)dx+fz dx)
=f1dx—f%seczgdx



X
1( tan;

= X-—
2 1

2

)+c

=x—1. 2(tan £)+c

25
=x —(tan E)+C
Question-fsin?(2x + 5)dx

—lf sin?t dt
_fl —cos2t dt

_Zf 1- cosZt dt
1

=2 (J(1dt — [ cos2t dt)

1 sin2t

;(t — = ¢

—Z (2x + 5 _ 51112(§>c+5))+c

Some formulas by trigonometric substitution
dx 1 at+x

faz—xz - Zlo’g a-—x P
dx _ 1 x—a

e = 2al09 |+

I

fx2+a2 = —tan™' —+c

L 1 X
= Sin ~—+C
/ rz_xz .

fm log |x + Vx% + a?|+c
f\/z— log |x + Va2 — a?|+c

dx 1
roof =
P faz—xz 2a
f dx
a? — x2

,[(a—x)(a+x)

if (a+x)+(a—x)

1 (a_x)((?1+i)x) (a—x)
2a (a—x)(a+x) (a—x)(a+x)

1
(a—x)+(a+x)dx

1 1 1
2a (f (a—x) dx + f(a+x) dx)




1
ﬂ(—log(a —x)+logla+x))+c
1 (a+x)
E (lo'g (a—x)) te

[ dax =ilog atx

az2—x2 2a x+a

[+

(loga-logb= Iog%, loga + logb = log(a.b)

dx

— x2

.

ques lonf4
dx

- f 22 — x2

:f(Z—x)(2+x)

f(2+X)+(2 x)
2 2 (2—- x)(2+x)

(2+x) (2—-x)
f(Z—x)(2+x) (2—x)(2+x) x

f - x) ie +x>
= Zl(f (z—x) f(2+ )dx)
=2 (~log(2—x) +1log(2+x)) +c

= (logGZ5) +¢

f dx —ilo a+x e
4-x2  2qa 9 a—x
dx 1 a+x
we know | —= = —|+c
J‘az— 22 a-x
Herea = 4 a=2
24+%
= — +C
4 x2
a+x
— _|+C
a—x
1 a+x|
= —|+c
a—x
Here a? = 6 a=V6
f dx l \/_+x|+c
6-x2 Ve
1 X
= Ltan~1%4¢
a a
j dx
x2 + a?
X _1x
X=atanf ,tanf = - f=tan -
dx 5
— = asec-0
dao

dx = asec?6 df



B asec?0 do
~ ) (atanb )2 + a2
B f asec?0 do
~ ) a?((tan®)? + 1)
B f asec?6 d6
) a?sec?6
1
- f 2 do
a
=Z0+c
a
1. x
=—tan" '—+¢
a a

f%z log |x + Vx% — a2|+c

j dx

1/x2 — a2

x = asecO, secl = z .tanf = Vsec?0 — 1 tanf =
x2 1_\/W
a? T a

dx
— = asecH.tanf
de

dx = asecl .tanf do
asecO .tan0 do

a’sec? — a?
asecO .tanf do

- Jaz(sec?6 — 1)

B ] asecl .tan@ do
Ja?(tan?6)

f asecO .tan0 do
atan@

f secB .do

=log|secO+ tanb| + ¢
N
a

=Iog§+ +c

o x+Vx2-a?
a

+c

=log|x + VxZ = a?| — loga + ¢
=Iog|x + Vx2 — a2| +c

. dx
questlonfﬁ

j dx
x2—13

Herea? = 3,a=V3




x = \/§sec9, sec = %tane =+/sec?0 —1
3 \/§
Z—Z = /3sech. tanh

dx = \/3secH .tand do
V3secH .tand do

V3sec?0 — 3

fx/_sece .tan6 do
V/3(sec?6-1)
f\/_sece .tan@ do

\3sech . tan@ deo
V3tané
= jsece .do

=Iog|sec€ + tanb| + ¢
Vx2—3
+c

x+Vx2
=log NG +c

=log|x + Vx2 — 3| — logV3 + ¢
=log|x + Vx2 = 3| +¢
uestion [ =
1 Vi3
Here a?=3 a=V/3
We knowf\/_ log |x +Vx% =a?|+c

fﬁ—log |x + vVx2 = 3|+c

. ax
questlonfﬁ
Here a?=4 a=2
We knowf\/_ log |x + Vx? — a?|+c
fm—log |+ Va2 —4|+c
Question- [ sin~*(cosx )dx
cosx =t sinx=+1— cos?x =V1 — t2

tanf =



u=sin"1(t),
du 1
—=—dt
T V1-¢2

udu
-1

= f —udu

—u?
- (s%n‘l-l;):
= +c
— (sin~1(cosx))?
N 2
Question-[ tan~(secx + tanx)dx

4 1 sinx
= | tan (— + ) dx
COSX COSX

j _q (1 +sinx
= | tan (—) dx
coSx

cos >
: 2

L2 X 2 X X
sin“s + cos“5 + 2sins
=ftan‘ 2 2 2

COSX

. (sin%+cos%)2
= | tan X L% dx
cos i—SlTl 7
x x
(sin5 + cos=)?
]tan‘1 2 2 dx

(sin% + cos %) (COS% —sin %)

] can- (cos% + sin %)
= | tan
(cos% = sin %)

X
sinz
cos % 1+ ﬁ)
= ]tan‘1 - % dx
sins
\cos % (I'= —%)
cos=
2
1+ tan%)
= | tan™t | ——5— | dx
(1- tanj)
) X
(tan4 + tan=)
= | tan"! 4 Z dx

J
-[ (1—tan%.tan%)
J
J



i 1 x?

= Z x + E? +c
i x?
= Z X+ T +c
Question-
f(x3+4x2+3x—2)
dx
x+2
f(x3+4x2+3x—2)
X
x+2
(3 +2x2+2x%+4x—x—2)
= dx
x4+ 2
2 —_
_ fx (x+2)+2x(x+2)—-1(x+2) dx

x+2
=jx2+2x—1dx
3

=—+x?—-x+c
3

Question- [ V1 — sin2x
V1 —sin2x dx

=[Vsin?x + cos?x — 2sinx. cosx dx
= f J(sinx + cosx)? dx

= f sinx + cosx dx
=-COSX+Sinx+c

. x*+1
uestion dx
Q fx2+1

]x4+1d
x2+1 x
_]x4—1+2
- x2+1

_fx“—l_l_ 2 ;
)1 el M

—fx4_1d +f £ 4
g1 2+1
x>+ 1)(x*—-1
_ ( )( )dx+J

x2+1 x2+1

1
— 2 _
—j(x 1)dx+2jx2+1dx
3

x x
=——x+2tan"'=+¢

dx

dx

3 1
3
X
=?—x+2tan_1x+c
. 1
Question- fmdx



fJ@—@@—m

-f\/xz—x(a+b)+ab

1

dx
Vx2 —ax —bx + ab

dx

dx

f\/xz—Z x(a+b)+ab

1

dx

(a+b)
2

+

\/xz —2.x.

ab

1

:f\/xz—z.x.(a-zi_b)+(

a+b)? (a+b)?
7 - 7 + ab

-f\/ a+b (a+

2
b) + ab
j dx
J a+b) (a? + b2 +2ab)
4
1
:f 2 2 — p2 — 2ab) bdx
a+b (—a* — b? — 2ab) + 4a
\/(x‘ 2 )+1 )
=J dx
J(x_a+b)2 (—a? = b? + 2ab)
2 ) 4
=J dx
J(x_a+b)2_(a2+b2—2ab)
2 4
1
=f > C )de
a+b a—>b
\/(x_ 2 )_ )
1
=J = bzdx
a+ a—
\/(x_ 2 )_( 2 )
_ a+b
T Ty
dt_
dx
dt=dx

a—b 2

We knowf\/—

log |x + Vx2 — a?|+c



Here x= ta—

2
+ )
2

—7”)+ (=) - (5

= log

=log

question

dx
fJ(x - D -3)
1 1
f./(x—l)(x—3) dx = f\/xz—x—3x+3 dx
1

 m
_ [

/x2—2 Lax+3

f\/xz 22x+ dx

f\/xZ 2x2+22 2243
fm
| o= m
| o
t=x-2

dt/dx =1
dt=dx

1
N
We knowf% = log |x + VxZ — a2|+¢
Here x=t, a=1
= log |t + M|+c
= log |X— 2+ (x— 2)2— 12|+c
Questionaf

2(2 23)—5
X+
a fz(x2—2x—5) dx
2xX—2+2+6
- fz(x2—2x—5) dx
. f 2xX—2 8 dx
N 2(x2-2x-5)  2(x2%-2x- 5)
2x-2
- fz(xz—Zx—S)d -I-fz(x2 2x-5) dx
dt 8
N 2t + fz(xZ—Zx—S) dx
1 4
= Elog+f PR dx

_ 1 2 _ 9y L
= log(x* —2x —5) +f Yy

= —Iog(x —2x—15) +fmdx



_ 1 2 _ 9. _ 4
- 2|0g(x 2x = 5) +f (x2-2 x.1+12-12-5)

= lIog(x —2x—15) +f—dx

dx

(x 1)2-6)
- "log(x —2x - )+f —dx (t; =x —1,dt; = dx)
= %Iog(x _2x —5) +4 f — dx
- %log(x —2x—75) +4T_ 0g Z:ﬁ +c
= fxzd_xaz = —log |—|+c here x=t;,a® = 6,a = V6
= —Iog(x —2x —5) +4— 2\/_ 0g z_;g +C

Integration by partial fraction method

px? + gx + r Partial fraction:

px +q A B
(ax+b)(cx+d)=ax+b+cx+d
px2+qx+r Ax+B C
(ax? +b)(cx + d) ax2+b cx +d
px2+qx+r A B C
(ax+b)(cx+d)2:ax+b+cx+d+(cx+d)2
k A Bx +C Dx + E
(ax + b)(cx? + d)? =ax+b+(cxz+d)+(cx2+d)2
k Ax + B (5 D

(ax2+b)(cx+d)2_ax+b+cx+d+(cx+d)2

. dx
Questlon—f m

dx
=/ (x+1)(x+2)

1 _A B A(x+2)+B(x+1)
(e+D)(x+2) x+1 | x+2  (x+1)(c+2)
Ax+2A+Bx+B (A+B)x+ (2A+B)
(x+D(x+2) x+D(x+2)
1 (A+B)x+ (2A+B)
x+1D(x+2) x+D(x+2)
0.x+1=(A+B)x+(2A+B)
A+B=0 -----ien- (1)
(208 ) = ——— (2)
By solving eg.-1 & 2 we get
A=1 ,B=-1
1 1 (-1)
Ge+D)(x+2) x+1 | x+2
dx

x+Dx+2)

—j L G
S x4+1 x+2 X

1 (—)
_jx+1dx+ +2
= log|x + 1| + (— 1)log|x+2|+c

= log|x + 1| — log|x + 2| + ¢




x+1

=logx+2+c
Question-
3x—2 p
e+ D2(x+3)
3x — 2 A N B N C  Alx+3)(x+1)+Bx+3)+C(x+1)°
(x+1D2(x+3) x+1 (x+1)2 x+3 (x+1?(x+3)

3x —2=A(x+3)(x+ 1)+ B(x + 3) + C(x + 1)%-—-(1)
Putting x=-1in eqg-1
3.(-1)-2=0+B(-1+3)+0
—-5=2B
5

B=—-=
2

Putting x=-3 in eqg-1
3.(-3)-2=0+0+C(—=3 + 1)?
—11 =4C

11

4
Putting x=0 in eq-1
3.(0)-2=3A+B(3)+C
—2=3A+3B+C

5 11
—2=34+ 3(—5) + (_T)

15 11

B 4
15 11
7+——2=3A
30+11-8

7 =
33_3A
7=
n_,
7=

3x—2 11 5 11

(x+12(x+3) 4@x+1) 2(x+1D2 4(x+3)

3x— 2 g
x+ 1D2x+3) "

IS 5 1
_f4(x+1)_2(x+1)2_4(x+3) x

_f n_ f 5 f .
A+ 0P ) 2+ 02 T s+ )™
11 5(x+ 1)t

=Tlog|x+1|—————log|x+3|+c

2 -1 4
—111 Y 111 x4 3| 5(x+1)‘1+
= loglx 7 loglx > 1 c



11 x+1] S5x+1DT
T2 9% +3” 27 -1

I T S
T 93T 2+ "¢

2

x
question — j SN dx
x? _Ax+B  Cx+D (Ax+B)(x*+4) + (Cx+D)(x* +1)
NN CED N 2+ D(x2 +4)

(Ax + B)(x?> + 4) + (Cx + D)(x? + 1) = x?
Ax® + 4Ax + Bx* + 4B + Cx3 + Cx + Dx?> + D = x?
x3(A+C)+x(4A+C) + x*(B+ D) + (4B + D).= x*
By comparing both sides we get
A+C=0---1
AA+C=0----2

By solving equation 1&2 A=0,C=0
By solving equation 3&4 B= _?I,D%

x2 O.x—% O.x+%
(x2+1)(x2+4) (x2+1) + (x2 +4)
x2 -1 4

DI +D 32 +1) 3@+ D

x? D = -1 4 g
](x2+1)(x2+4) x_JS(x2+1)+3(x2+4) x
-1

4
=]md"+fmd’“
1 4

-1 1 _1X

=—§tan x+§.§tan §+c
1 1 2 X
=—§tan x+§tan E+C
X
f(x2+1)(x—1)dx
X Ax +B C (Ax+B)(x— 1)+ C(x*+ 1)
@INGE-1) 2+1 x-1_ 2+ 1)(x—1)

Ax+B)(x—-1D+C(x*+1) =x—-1
By putting x=1in eg-1
0+C(1+1)=1
2c=1
1

C=-
2

By putting x=0in eq-1(Ax + B)(x — 1) + C(x?> + 1) = x-—-1
(0+B)(0—1)+C(0+1) =0
—B+C =0

—B+1=0
2



B_1
2

By putting x=-1ineq-1(Ax + B)(x — 1) + C(x*> + 1) = x--—-1
(m-A+B)(-2)+Cc(1+1)=-1
2A—2B+2C =-1

X
d
f(x2+1)(x—1) X
_ 2% 2
x>+ 1Dx—-1) x?+1 X
x—1 1

—2(x?2+1) * 2(x—1)
x—1 1

X
,f(x2+1)(x—1)dx:f 20+ M =Y

_ x—=1 g 1 d
_j —2(x2+ 1) x+f2(x_1) *

—f kSN 1
T S tglgl 1l

—f 202D ek 1
= | Sager & tglogl — 1l

—f K x4al 1
= | Saesn @ tylogh—1l

—f Y S dx+2loglx—1
=] Seer) oo n Tl -

—j ox d+J LI N 1
=) S Pt e s tpleglx

1 1
= —Zloglx + 1] +Etan‘ x+§log|x— 1]+ ¢

B ST

X

1—x? 4
x(1 - 2x) x
1 2 1
1 — x2 5(x—2x*)+1—5x
[EE v 2

x(1—2x) x(1—2x)

%(x—sz) 1—%x
_,[ x(1—2x) +x(1—2x)

question

dx




x(1-20)  2-x
_,fx(l—Zx) 2x(1—2x)d

f dx+3 fx(l—Zx)

- f X

"2 x x(1 - Zx)

2-x _A B _A(1—-2x) +Bx
x(A-2x) x 1-2x x(1-2x)
A(1—2x)+Bx—2—x ------- 1
By putting x=0ineq 1
A1) =2
A=2
By putting x=% ineql
A (1 2 1) + 5l _

5 > =
3

o N S
Il
N |
()
I
N =

+1j2+ 34
2 T—2x

f dx+.fﬁ

3(1)z|1 2% +
>\ =) log x|+ ¢

=

=
+
S
«Q
B
+

r—xmlv—xmlv—xwlr—xw

3
= Ex + log|x| — Zlogll —2x|+c¢
Integration by parts

ILATE Rule

Identify the function that comes first on the following list and selectitas ‘u’
ILATE stands for:

I: Inverse trigonometric functions

L: Logarithmic functions

A: Algebraic functions.

T: Trigonometric functions, such as sin X, cos X, tan X etc.

E: Exponential functions.

If u and v are any two differentiable functions of a single variable x. Then, by the product
rule of differentiation, we have;

fu.vdxzufvdx—f(fvdx)g—:.dx

u=x vdx = e¥dx

du
—=1 jvdx=]exdx=ex+c
dx


https://byjus.com/maths/inverse-trigonometric-functions/

fex.xdx=ufvdx—f(fvdx)d—u.dx
dx

=x.e*— | e*. 1l.dx
=x.e*—e*+c
questionf X sinxdx
u=x vdx = sinxdx
du

— =1 fvdxzfsinxdxz—cosx+c
dx

du
fx.sinxdx=ufvdx—f(fvdx)a.dx

= x.(—cosx) — | (—cosx).1.dx

= —xcosx + f cosxdx
= —xcosx + sinx + ¢
questionf X cosx dx

U =x vdx = cosx dx

du
— =1 fvdxzfcosxdxzsinx+c
dx

] du
jx.smxdx=ufvdx—j(fvdx)a.dx

= x.sinx — | sinx.1.dx

= xsinx + cosx +c¢

Questiond = [ e*. sinx dx
u =sinx vdx =e*dx

du
— ='cosx Jvdx=Jexdx=ex+c
dx

d
I=fex.sinxdx=ufvdx—f(fvdx)£.dx

I = sinx.e* — f e* cosx dx
I =sinx.e* — I

I, = J e* cosx dx

U, = cosx vydx =e*dx

du, ,
— = —sinx Jvldx=Jexdx=ex+c
dx

du,
I =fex.cosxdx=u1fv1dx—f(fv1dx)a.dx



I, = cosx.e* — f e*. (—sinx)dx
I, = cosx.e* + f e*. (sinx)dx

I, = cosx.e* + f e*. (sinx)dx = cosx.e* + 1

I = sinx.e* — (cosx.e* + 1)

I = sinx.e* — cosx.e* —1
I+ 1 =sinx.e* — cosx.e* +c¢
21 = sinx.e* — cosx.e* + ¢

I = E(sinx. e* — cosx.e*)+c
Question I = [ e*.cosx dx

jex.cosx dx
u =cosx vdx =e*dx

du ]
— = —sinx fvdx=fexdx=ex+c
dx

du

szex.cosxdx =ufvdx—f(fvdx)—.dx
dx

I = cosx.e* + f e*sinx dx

I =cosx.e* +1;

I, = f e* sinx dx

u, = sinx vydx = e*dx

du,

—=cosx]v1dx=jexdx=ex+c
dx

. du,
I =fex.smxdx=u1fv1dx—f(fv1dx)a.dx

I, = sinx.e* — | e*.cosxdx
I, = sinx.e* — f e”*. (cosx)dx

I, = sinx.e* — f e*. (cosx)dx = sinx.e* — I

I =cosx.e* +1;

I = cosx.e* + sinx.e* —1
I+ 1 = cosx:e*+ sinx.e*+c
21 = cosx.e* + sinx.e* + ¢

1
I = > (cosx.e* + sinx.e*) + ¢

Question I = [ e*. (cosx + sinx)dx

I =Jex.cosx+jexsinx dx

1 1

I = E(sinx.e" — cosx.e®) + E(sinx.ex + cosx.eX) +c
L 1 1. 1

| = =sinx.e* — =cosx.e* + =sinx.e* + -cosx.e* + ¢

2 2 2 2



1
I = =sinx.e* + =sinx.e* + ¢
2 2

I = sinx.e* +c

Question I = [ e*. (cosx + sinx)dx
fex. (fe) +f'(x))dx =e*f(x) + ¢

f e*. (cosx — sinx)dx = f e*.(cosx + (—sinx))dx

Here we can see if f(x)= cosx

F'(x)=-sinx so it is in the form [ e*. (f (x) + f'(x))dx
So answerise*f(x) + ¢ = e*cosx + ¢

Question-[ e*. (i + logx)dx

Here we can see if f(x)= logx

F'(x)= iso itisin the form [ e*. (f (x) + f'(x))dx

So answerise*f(x) + c = e*logx + ¢
2
[Vx2 + a2dx = %x\/xz + a2 +a7log|;vc+\/xZ +az|+c
2
7109 |x+\/x2 — a2| +c
2
Question-vx2 + 2x + 5 dx
x?+2x +5dx

SOME FORMULAS
1 a
j\/xz —a2dx = Ex\/xz —a? -
1 a X
]\/az —x2dx ==-x\Ja? —-x*——sinl= +¢
2 2 a
=\/x2 + 2.%29( +5dx

=Jx2+21.x+1—1+5dx
=Jx2+21.x+ 12+ 4 dx

=@+ 1)?+4dx

V't 4 de
fmdx=%tm+§log|t+m|+c

=+ DJEF DT+ 4+ log|(x + 1) +/(x + D2+ 4| +c




Definite Inteqgral

The definite integral of a real-valued function f(x) with respect to a real variable x on an interval
[a, b] is expressed as

b
fﬂmm=mm—mw

Here,

a = Lower limit

b = Upper limit

f(x) = Integrand

dx = Integrating agent

Thus, [ f(x) dx is read as the definite integral of f(x) with respect to dx from a to b.

ff(x)dx =F(x)+c
b
[ reax=r) - F@

a

e.g-

IZ N 0 i o VN SO
SR ) I A R A

question-[* sin’2t,cos2t dt

j sin32t.cos2t.dt

u = sin2t
u
E=C052t'2
du
7=cosZt.dt
J 3du_u4+ _sin42t+
wh— = te=—g c
L3 . LT
j% 5o cospt qp < |S2]E _Sint7 sinto 1 1
_Osm .CoS = 5 0_ 5 T =3 =2

T
Alternate way [* sin®2t.cos2t dt



el

4 3
sin®2t.cos2t.dt
0

u = sin2t if t=0Othen u=sin0=0,t=§ thenu = sin 2.% = sing =1

L = cos2t.2
dt—COS .
du
7=c052t.dt
1
[l
o 2
(w1 )]
_4.20_8 8

Eg-

1, )
J;)x2+1 &
t =x2+1 ifx=Othent=1x=1thent=1+1=2

dt_2

dx x
dt p
> = x.dx

fl X p _le dt
c 21T 2

—1[1 t]z—l(l 2—1 1)—11 2—11 2
=5 oglll—2 0g ogl) = log7 =7 log
SOME PROPERTIES ORDEFINITE INTEGRAL

fa Fdx = f o

ja Fodx = - jb Fdx

| o = [ oo+ [ “fodx a<c<b
. 5 .

f f(x)dx = f f(a+b—x)dx

joaf(x)dx = joaf(a — x)dx



f f(x)dx=2ff(x)dx.iff(Za—x)zf(x)
0 0

a =0 if F2a—x) = —f(x)
[ reax=2[ rwax, if f-0 =@
-0 if F(=x) = —F (%)

Vs
Ex- [*:sin®xdx
4

=2 [#sin®xdx (since it is an even function f_aaf(x)dx =2 foaf(x)dx , if f(=x) =
f(x) n

21— cos2x
o [z,

0 2

T

4
=j 1 — cos2xdx
0

A

_[ sinzx]Z
=x — ——
2 Io
T
T sinz% *
=|-- —0+0
4 2 +
0
. I
_m Sing_m 1
4 2 4 2

Ex-[ %z sin®3x dx

4
=0, (sinceitisan odd function f_aaf(x)dx =2 foaf(x)dx , if f(=x) = —f (%))
Ex-] = frr xsinx

0 1+cos?x
T (m—x)sin(mw—x)

~J0 1+cos?(m-x)
T (mr — x)sinx
=] ———dx
0

1+ cos?x

; J T omsinx p J T xsinx p
=/ ———dx—| ———dx
o 1+ cos?x o 1+ cos?x

T msinx
- [
o L+ cosx

T msinx T sinx
200=| —/—S-dx=n| ————-dx
o 1+ cos“x o 1+ cos“x

o1 j” sinx
=n| ———=dx
o 1+ cos?x

applying [ f()dx = [ f(a — x)dx

Putting t= cosx, for x=0t=cos 0 =1
dt .
— = —sinx Forx=m,t = cosmt = —1
dx

—dt = sinxdx

5] = f_l —dt
“ ) 1+e




[ = nf"l dt
2), 1+¢?

/s
[=— E[tan‘lt] 1

T
I = —=[tan"1(-1) — tan™1(1)]

fr 7
__r -1 Al WP | =
I = Al tan (tan( 4) tan (tan4)]
LA .
2L 4 4

Ty M T
I=—=|-2|==

2L 2 2

T sintx
Ex-

0 sin*x+cos*x

E sinx
I = dx eg-1

0 sin*x+cos*x €q

L3

4l _
sin (2 X)

2
=
0 sin4(%—x)+cos4(%—x)

dx  applying jaf(x)dx = faf(a — x)dx
0 0

_ g cos*(x)
0 cos*(x)+sin*(x)

eq-2

By addmg eg-1 & 2 we get

z sin*x 2 cos*(x)
= Jo sin*x + cos*x dx _[0 cos*(x) +sin*(x)
7 sintx + cos*(x)
- Jo cos*(x) + sin*(x)

A

2
I—Jldx

I =[? = [E_O]
Ex—f0 |x| dx

4
] |x| dox

24‘
= xdx—l l ——0—8



Ex—f_Af2 |x| dx

4

=f |x| dx
-2
0 4

=f |x|dx+f |x|dx
-2 0
0 4

=f |x|dx+f |x|dx
-2 0

0 4
=f —xdx+fxdx
-2 0

B lﬂr +r14
N 2 2
-2 0
0

Ex-J | — 1] dx

4
f |x — 1] dx
0

1 4
=f |x—1|dx+f |x — 1|dx
0 1
1 4

=f —(x—l)dx+f x—1dx
0

1

~ xz 1 .\ x2 4
= X > X
0 1

-3 1-0) (-0~ ()

= 1+1+8 4 1+1
-2 2
L PR
= 42 > = =
Ex—o[x]dx

4
=f[x]dx

0

4

- [Wac [Wacs [ Wars [ Wa

3

1 2 3 4
=dex+J 1dx+f2dx+f3dx
0 1 2 3

= 0+[x]2+2[x]3 + 3[x]3
=2—-1+4+23-2)+3(4-3)
—1+2+3=6

Ex-f_ll[x — 1] dx



=f0[x—1]dx+f1[x—1]dx
-1 0

=f_01—2 dx + fol —1dx
—2[x]%; — 1[x]g
-2(0+1)—-1(1-0)

—2-1=-3
2
Ex-f, [x*] dx
1 V2 V3 2
=[x+ [ paxs [ eaxe [ @ ax
0 1 3 V3

1 ) V3 2
=j0dx+f 1dx+f 2dx+13dx
0 1 V2 V3

=0+ [x]{% + 2[x]3 + 3[x]%5
=vV2-1+2(3-v2)|+32-./3)
=V2+2V3-2v2-3{/3)+6-1
=—V3-V2+5

=5-vV3-+2



AREA BOUNDED BY A CURVE AND A LINE

Ex-Find area of the region bounded by the curve
y? = x and the lines x = 1 and x = 4.and the x — axis in the first quadrant.

Ans- ffy dx
Here y2 = x
y=vx

4 2 32 2/ .3 2 14
[Nade=Fxlt=2(£-1)=16-D=7

Ex- Find area of the region bounded by the curve x? = 4y and the linesy = 2 and y =
4 and the y — axis in the first quadrant.

Ans- f;x dy
Here x2 = 4y

x =2y

4 2 3 4/ 3 3 4
f 2\/y dy =2[zy2]; =—(47—27> =—-(8=8)
2 3 3 3

Area boundediby a @ircle

Ex- Find area bounded by a circle x? + y? = a?.

(0,a)
Ans-

f xdy (a,0)
0 (010)

Y

4Jade \

N

1 a? x "
4|=xva? —x2 ——=sin"1—
2 2 al,
1 a’? . a z
4 Ea\/az—a2—7sm 15 - 4(=0Va?—0%——sin"1—
2
4(%a\/a2 —a?— %sin‘l—)

Ex- Find area bounded by a circle x? + y? = 4.

(0,2)
Ans-
nzs
fydx (0,0) (2,0)
0

2/

2
4.[ Ja? —x?dx \
0

S






Diffrential Equation

The order of a differential equation is the order of the highest order derivative involved in the
differential equation. The degree of a differential equation is the exponent of the highest order
derivative involved in the differential equation

Order and Degree of a Diffrential Equation

% _ order=1 degree=1
dzy
= 3x=0 order= 2 degree=1
(%)2 -1 order=1 degree=2
2
% + (%)2 -3y+2=0 order=2 degree=1
3
% + (%)2 —3x=0 order=3 degree=1
2
(%)2 —3=0 order=2 degree=2
2
(%)2 + (ZTZ)S -1 order=2 degree=3
2
(%)2 + (%)3 -3y+2=0 order=2 degree=2
2 3
(‘;T;’) n (%)2 —3x=0 order= 3 degree=3
3 .2
(ZT;’) + (%)4 —4=0 order=3 degree=2
d?y dy dy
G+ )P+ (D —3y+2=0 order=2 degree=2

Differential Equation solving by variable separable method

dy
=1
solve I

dy
—~ =1
dx
dy = dx

Integrate both side

jldy=]dx

y=x+¢

dy |
Ex — solve — + sinx = 3
J dx
g—i}+sinx=3
y )
—~ =3
I sinx

dy = (3 — sinx)dx
Integrating both side

f 1l.dy = f(?) — sinx)dx

y=3x+cosx+c



dy .
Ex — solve — + sinx =0

J dx
y L
I +sinx =0
dy .
T sinx

dy = (—sinx)dx
Integrating both side

fl.dy = f(—sinx)dx

y =cosx+c

dy
Ex —solve —x+y =0

q dx
y _
dXx+ y =

dy B

dxX_ y
dy  dx

y X

Integrating both side

2T

logy = —logx + ¢

logy + logx = ¢

logxy =c

xy =e‘

Ex- if y=e*+1 verify y'=y'=0
W .

Y =ax " €

! dzy X

y dxz

y'—y' =e* —e* =0(proved)

Ex-form differential Equation of the given Equation y = e*(acosx + bsinx)

y' = % = e*(acosx + bsinx) + e*(—asinx + bcosx)
y' = Z—z =y + e*(—asinx + bcosx)

1 dzy dy 4 ]

=TI + e*(—asinx + bcosx) + e*(—acosx — bsinx)

" dzy dy X ; X i
YV'=am=g + e*(—asinx + bcosx) — e*(acosx + bsinx)

" dzy dy P
Y=g = + e*(—asinx + bcosx) — y

" d?y dy ’ / x ;
y'=—===4y' —y—y (y' —y = e*(—asinx + bcosx))

T dx? dx



”_dzy_ /+’ 2
y'=TZ =Yy =2y

y' =2y =2y

d*y dy

— 2 =2-2_2
dx? dx Y

Ex- Find the general solution of the differential Equation
dy _ x+1

dx_Z—y?
dy x+1
dx 22—y

(2—-y)dy = (x+ 1)dx
Integrating both side

f(Z —y)dy = f(x+ 1)dx

2y -2 c_x +x+
y > =3 x+c
Ex- Find the general solution of the differential Equation
dy _ 1+y%,
dx  1+x2’
dy 1+y?
dx 1+ x2
dy dx

1+ y? “1+a2
Integrating both side

f dy _.f dx
1+y2 J1+x2

tan"ly = tan"'x + ¢
Ex- Find the general solution of the differential Equation

dy _ 1+y?
dx  1+x? at (0,0)
dy 1+y?
dx 1+ x?
dy dx

1+ y? “1+ax2
Integrating both side

] dy _J dx
14+y2 ) 1+ x2

tan"ly = tan 'x + ¢

At (0,0)

tan 10 =tan"10+ ¢

0=0+c

C=0

tan~ly = tan1x

Ex- Find the general solution of the differential Equation

ay _ — 2
ddx—w/4 ye?
Y _ a2
dx 4=y
4 = dx

Va-y?




Integrating both side

f¢4—yz J dx

1——x+c

sin
2

d
Ex — d_ic/ = sin"1x
dy
=sin"1x

dx

f f 1.sin" txdx
u=

du

sin"lx  [vdx=[1dx

1
dx 1-x2

du
j1.sin‘1xdx=u.fvdx—j—jvdx
dx
1

-]
= xsin~ " x — x dx
'\[ —_— xz
1 dt

fz

1t2

= xsin~ x+§T+c

= xsin‘1x+\/1 —x%2+%c
fdy = f 1.sin"txdx

[dy = xsin™lx+V1 — x2
y = xsin”lx+yVd— x2 + c(solved)

d
Ex=(x3+x2+x+1)d—i}=2x2+x;y=1Whenx=O

fvdx=x+c,

= xsin"lx +

d
(x3+x2+x+1)%=2x2+x

d 2x%+4 x
y= x3+x2+x+1)

J j 2x% +x d
(x34+x2+x+1) x
2

_ 2x°“ +x d
y_f(x3+x2+x+1) x
_ x(2x+1)
_f(xz(x+1)+1(x+1) x
x(2x+1)
f(x+1)(x2+1)
3x—2 g
Ml B Tor e




=1 |+1|+1f > 2 4
y = togix 2] a2+ e+

13
y = log|x + 1| +§(§log|x2 + 1] — 2tan™ x| + ¢

3
y = log|x + 1| +Zl0g|x2 +1| —tan x + ¢

3
1=1log|0+ 1] +Zlog|02+1|—tan‘10+c
1=04+0-0+c
C=1

3
y = log|x + 1| +Zlog|x2 +1| —tan"'x +1

LINEAR DIFFRENTIAL EQUATION
It is of the following form
dy

Ix + Py = Q,wher P, (Q are function of x
Then solution is ye/ P%* = fel®dxQdx 4 ¢

dx
dy
Then solution isxel P& =.[ ef?9Qdy +c

+ Px = Q,wher P,Q are function of y

_ ay — o
Ex= X +y = sinx
It isin linear form
dy
—+Py=20,

3" y=0Q
y .

— 4y =

I y = sinx

Here P=1, Q = sinx
fpdxzfldxzx,
efpdx = ¥

yelpax = Jefpd"de

ye* = j e*sinxdx =1
1

x =
szexsinxdx
S

u = sinx fvdxzfexdx=9x+k

du
— = cosx
dx

du = cosx dx



— f e*cosx dx = sinx.e* — I,
L = f e*cosx dx

U, = cosx J.vldx = f e*dx=e*+k

du, ]
— = —sinx
dx

I, = fd ff e 24 g
L =uy | vidx vidx.——dx

I, = cosx.e* + f e*sinx dx = e*.cosx + 1

I = sinx.e* —I; = sinx.e* — (e*.cosx + 1)
| = sinx.e* —e*.cosx —1

2] = sinx.e* — e*.cosx = e*(sinx — cosx)
X

I = > (sinx — cosx)
ye* = [+c
ex
ye* = 1 (sinx — cosx) + ¢

Ex- Find general solution of the differential Equation

dy 2

xdx-l;Zy—x
ay — 2

Zol—xgx +2y=x

Y

= 4 - —

dx xy X

2
]pdx = j;dx = 2 logx
efpdx — g2logx — elogxz = x2
yel pax =fefpdedx+ c

4
x
yxzzfxzxdxzfx3dx=7+c
x4

yx2=I+c

dy+2t = si = 0wh =z
ex — o+ 2ytanx = sinx,y = Owhenx = 3

Y ;
—— + 2ytanx =
dx ytanx sinx

here P = 2tanx, Q = sinx

2
el Pdx — pf2tanx dx — p2loglsecx| — plog (secx)? — ¢pr2y



yelpax = fefpdedx+ c

ysec?x = fseczx sinx dx + ¢

. [ sinx d _
ysec?x = — dx +c = | tanx.secx dx +c
cos?x
d
ysec?x = —ft—zt + ¢ (t=cosx)
1
ysec?x = m +c
1
ysec’x =——+c
cosx

ysec’x = secx +c

s
y=0whenx=§

T T

Osec®?==sec— +c
3 3

0=2+4+c

C=-2

ysec?x = secx — 2

Ex- what will bé the integrating factor of the differential Equation

dy
— _y= 2x?2
xdx y X
|LF= el Pdx
dy 1
Z _y=2
dx «x x
P=——
X
edex — ef—%dx — g~logx — elogx_1 = x~1 :1
X



Some question on Partial Fraction

2

X
j@2+n@2+@dx

x? _Ax+B+cx+D_(Ax+B)(x2+4)+(Cx+D)(x2+1)
(x2+1)(x2+4) x2+4+1 x2+4 (x2 + 1)(x2 + 4)

(Ax+B)(x>+4)+ (Cx +D)(x*> + 1) = x?
Ax® + 4Ax + Bx? + 4B + Cx3 + Cx + Dx? + D = x?

x3(A+C) +x*(B+ D)+ x(C +4A) + (D + 4B) = x*

A+C=0--- 1

B+D=1- 2
C + 4A = 0-- 3
D + 4B = 0------ 4

By solving these equation we get
A=0 ,B=-1/3 ,C=0 ,D=4/3 ,

x? -1 4
(x2+1D)(x2+4) 3(x2+1) * 3(x2 + 4)

xZ
]u2+nu2+®dx

] 1 + * dx = 1t ‘1+4t 12 +
3(x2+ 1) 3(x2 4T ot xTgtan ¢

(Prepared by,Sri Samira Kumar Pathi ,Lecturer in mathematics, G.P. Gajapati)



LIMIT AND CONTINUITY

X2 —1
x-1

Consider the function f(x) =

You can see that the function f(x) is not defined at x = 1 asx —1is inthe denominator. Take the
value of x very nearly equal to but not equal to 1 as given in the tables below. In this case
x-1# 0asx = 1.

2 J—
- We canwrite f (x) = x“-1_ (x+1)(x-1)

=X +1, because x—1+0_andso division by

X -1 (x-1)
(x —1) ispossible.
Table -1 Table -2
X f(x) X f(X)
0.5 15 1.9 2.9
0.6 1.6 1.8 2.8
0.7 1.7 1.7 2.7
0.8 1.8 1.6 2.6
0.9 1.9 .5 2.5
0.91 1.91 : :
: X 1.1 2.1
0.99 1.99 1.01 2.01
1.001 2.001
0.9999 1.9999 : :
1.00001 2.00001

Intheabove tables, you can see that as x gets closer to 1, the corresponding value of f (x) also
gets closer to 2.

However, inthis case f(X) is not defined at x= 1. The idea can be expressed by saying that the
limiting value of f(x) is 2 when x approachesto 1.

Letusconsider another function f (X) =2x. Here, we are interested to see its behavior near the
point 1 and at x = 1. We find that as x gets nearer to 1, the corresponding value of f (x) gets
closerto 2 at x =1 and the value of f(x) isalso 2.



So fromthe above findings, what more can we say about the behaviour ofthe functionnearx =2 andat x=2 ?

In this lesson we propose to study the behaviour of a function near and at a particular pointwhere the function may or

may not be defined.
2

. . . . xX° -1
In the introduction, we considered the function f(Xx) = 1 We have seen that as x

approaches|, f(x) approaches 2. Ingeneral, ifa function f (x) approaches L when x approaches
‘a', wesay that L isthe limiting value of f(x)

Symbolicallyit is written as

lim f(x)=L

X—a

Now let us find the limiting value of the function (5x _3) when x approaches 0.

lim (5x -3)

1.€. X0

For finding this limit, we assign values to x fromleft and also fromright of 0.



X -0.1 | -0.01| -0.001 | -0.0001..........
5x—-3 | -3.5|-3.05| -3.005 | -3.0005 ..........

X 0.1 | 0.01 | 0.001 | 0.0001..........
SX—-3|-25|-295|-2.995| -2.9995 .........

It is clear from the above that the limit of (5x —3) as x — 0 is -3

ie. lim (5x -3) = -3

Xx—0

Thisisillustrated graphically inthe Fig.

4-_
3-_
2 y =5x-3
1-
-5 -4 -3 -2 -1
] ] ] ] ] ] ] ] ]
X 1 2 3 4 5 X

«——————— (01,-25)

\ (0, -9)
e

(0.1, —3.5)

y
Fig. 25.1

The method offinding limiting values ofa function at a given point by putting the values ofthe

variable very close to that point may not always be convenient.

We, therefore, need other methods for calculating the limits ofa function asx (independent
variable) ends to a finite quantity, saya

2 —
Consider an example : Find lim f(x), wheref(x) = X" -9
x—3 X-3

We can solve it by the method of substitution. Steps of which are as follows :

Remarks : It may be noted that f (3) is not defined, however, in this case the limit of the

You have already seen that x — a means x takes values which are very close to ‘a’, i.e. either
the value is greater than 'a' or less than'a".



In case x takes only those values which are less than a'and very close to 'a' then we say X is

approaches 'a’ from the left and we write itas x — a~. Similarly, if x takes values which are
greater than 'a' and very close to ‘a' then we say x isapproaching ‘a’' from the right and we write

itas x > a".

Thus, ifa function f (x) approachesa limit [, asx approaches 'a’ from left, we say that the left

hand limit of f(x) as x > a s L.

We denote it by writing

lim f(x) =1 or limf(a=h)=l,h>0

X—a h—0
Similarly, if f (x) approaches the limit 1, asxapproaches 'a’ from right we say, that the right
hand limit of f(x)as x —>a is L,.

We denote it by writing

lim £ (x) = L, or lim f(a+h)=1,h>0
+

X—a h—0

Working Rules

Finding theright hand limiti.e., Finding the left hand limit, i.e,
lim f(x) lim f(x)
x—>a+ X—a
Put X=a-+h Put  x=a-h
Find [ lim fAa+h) Fing i f(2-h)

Note : In both cases.remember that h takes only positive values.



Limit of a function y=f(x) at x=a Consider an example :

Find lim f(x), where f(x)=x?+5x+3

X—1
Here lim f(x) = lim | (1+ h)2 +5(1+ h) +3]
x—>1* h—0 |
— lim[1+ 2h +h? + 54 5h + 3]
h—>0L J
=1+5+3=0........ (i)
and lim f(x) = lim [ (1= h)2 + 5(1=h) + 3]
x—1" h—0 .
— lim/1-2h+h? +5-5h+3]
x—>0|— J
=1+5+3=9 . (i)
From (i)and (ii), lim f(x)= lim f(x)
x—>1" Xx—>1"

Now consider another example :

Evaluate: lim X =3I
x—3 X—3
Here im X381 _jim (349 -3]

x—3t Xx=3 [ h>0[(3+h)-3]

h
—1im M = tim " (ash>0,%0 | h | = h)
h—0 h h—0 h

S T (iif)
and lim |X_3|= |im|(3_h)_3|
3~ X—3 h-0[(B-h)-3]

b<h| - fim " _
— lim— =hm __ (ash>0,so|-h|=h)
h=0 —h h—0 -h

~Fromiii) and (iv), ”ZL
X—>

[X=31, jim =31
X-3 4,3~ X-3

Thus, inthe first example right hand limit = left hand limit whereas inthe second example right
hand limit = lefthand limit.

Hence the left hand and the right hand limits may not always be equal.



Basic Theorem on Limit

1. limcx=clim x, cbeing a constant.
X—a X—a

To verify this, consider the function f (x) =5x.

We observe thatin lim 5x , 5 being a constant is not affected by the limit.

X—2
lim5x =5 lim x
X—2 X—2
=5x2=10

2 lim ng(x) +h(X) +p(X) +oe [= lim g (x) + lim h(x)+ imp(x) +.......

X—a X—a X—a X—a
where g(x), h(x), p(x),..... areany function.
3 lim | £(x)-g (x) [ = lim £ () lim g(x)

' X—>a X—>a X—>a

If lim f(x) = land lim'g(x) = m, then

X—a X—a
(i) )'(i"a kf(x) =k )I(i_r)naf (X) =K' wherek is a constant.
(ii) lim [f(x) £9(x)] = lim f(x)£lim g(x) = 0 +m

X—>a X-—>a X—a
lim f (x)-g(x)] = lim £() - lim g(x) = 7-m
(I ! I) X—a [ ] X—a X—a

lim f(x

iv)  lim T s ( ): , provided lim g(x) =0

x»ag(x) limg(x) m X—a

X—a

The above results can be easily extended in case of more than two functions.

Find lim f (x) , where

X—>1
(xz—l
, X#1
f(x)=4 x -1
1, x=1
2
x° -1 X =-1)(x +1
Solution : f(x) = . :(—xl(l—) =(x+1) [ x#1]
X — _

lim f(x) = lim(x +1) _ 4, 1=

x—1 x—1



Evaluate : lim 12-Xx X
" x>3 J6+X -3 .

Solution : Rationalizing the numerator as well as the denominator, we get

i I fim (V2 x) (YIZx ). (VB +3)
x>3 JBFX -3 x53 \/6+X—3(\/6+X+3)(\/127+X)

2
i (122-x-x ),Iim—\m
x>3 6+X-9 x53/12-X+X

—(x+4)(x—3)_”m V6+X+3 1 x£3]

= lim
x—3 (X —3) x—3/12 —X +X
- _(3+4).0-7
6

Note : Whenever ina function, the limits of both numerator and denominator are zero, you
should simplifyitin suchamanner that the denominator of the resulting function is not zero.

However, if the limit of the denominator is 0 and the limit of the numerator is non zero, then
the limit of the function does not exist.

Let us consider the example given below :



.1
Find lim _ | if it exists.
x—0 X
Solution : We choose values of x that approach 0 from both the sides and tabulate the

1

correspondling values of e

-0.1|-.01 | -.001 |-.0001

-10 | -100 | —1000 | —10000

X || X

0.1].01 |.001 |.0001

10 {100 | 1000 | 10000

X || X

. 1 .
We seethatas x — 0, the corresponding values of % are not getting close to any number.

.1
Hence, "M =~ does not exist. This is illustrated bythe graphinFig. 20.2

x—0 X

y
54
4_-
3--
2-—
-1
11 K Y=
-5 =4 -3 -2 -1
| 1 | | | | | | | |
) 0 1 2 3 4 5 i’
x |-
-2
L -3
L 4
- -5
yl
Evaluate : lim (] x]+-x)

x—0



Solution : Since x| has different values for x >0 and x<0, therefore we have to find out both
left hand and right hand limits.

|im_(|x|+|—x|):h|imo(|o—h|+|—(o—h)|)

x—0

= lim (|-h |+]-(-h) |)
h—0

_limh+h=1im2h=0 (I)
h—0 h—0
lim (| x|+ |=x])=lim (|]O+h|+|=(0+h)|
and X_>0+( ) h—)O( )
=limh+h=1im2h=0 (“)
x—0 h—0

From (i) and (ii),

im (1 [+ [-x[)=_tim [|x]+]-x]]

X—0 h—0
Thus lim[|x]+]-x[]=0
' h—0

Note : We should remember that left hand and right hand limits are specially used when (a)

the functions under consideration involve modulus function, and (b) function is defined by
more thanonerule.

Example-Find the vlaue of a' so that

lim f(x) exist, where £ (x) = g[3x+5 X <1

x—1 2X4+a,x>1

Solution : lim f(x)=lim (3x +5) [1 f(x)=3x+5 for x<1]

x—>1 x—1

=lim [3 (1~ h) + 5]
h—0

lim f(x)=lim(2x+a) [0 f(X)=2x+a for x>1]

x—1" x—1

=lim (2(1+h) +a)
0

h—

We are given that lim f(x) willexists provided
X—1



i lim sinx=0 lim cosx =1
(i) Prove that (a) el and (b) 0

Proof : Consider a unit circle with centre B, in which £ C is aright angle and £ ABC = x
radians.

Now sin x =AC and cos X = BC

As x decreases, A goes on coming nearer and nearer to C.

i.e.,, when x >0,A—>C

orwhen x - 0,AC—0

>

I\
1\
and BC - AB,i.e., BC—1 M
11
~Whenx— 0 sinx — 0 and cosx —1 :—E,=
Thuswe have //
- - - V/
lim sinx=0 and lim cosx=1 Fig. 25.3
x—0 x—0
- . sinx
(i) Provethat lim —=1
x—>0 X

Proof : Draw a circle of radius 1 unit and with centre at theorigin O. Let B (1,0) be a point on
the circle. Let Abeanyother point onthe circle. Draw AC 1 OX.

Let ZAOX = x radians, where 0<x< ™ *
2 D
Draw a tangent to the circle at B meeting OA produced A
atD. Then BD L OX. —> Tangent
Area of AAOC < areaofsector OBA < areaof AOBD .  « 5 X s » X
or JOCxAC < x(1)2 <} 0BxBD \j
2 2 2 Fig. 25.4
I_— . 1 . _ 1 2—| v
| area of triangle= = basexheight and area of sector="6r

L 2 2 )

1 . 1 1

—CosXxsinx < —x<—-1-tan X
' 2 2 2
|_i COS X = oc ,SINX = AC and tan x = BD ,OA=1= OB1
|_| OA OA OB |J

ie., cosx< X <tanx 1

sinx sinx [Dividing throughout by gsin X]



X 1
or cosx< <
sinX cosXx
1 sin x
or > <cosX
CoS X X
sin X 1
ie., COSX<___ <
X COS X

Taking limitas x — 0, we get

) . sinx ..
lim cos x < lim < lim

x—0 . x>0 X x—0 COS X
__sinx [~ .
or  1<lim <1 ! limcosx=1and lim 1 1 ]
x—>0 X | 1J
' x>0 x—>0C0SX 1
_sinx
Thus, lim__ =
x—0 X

Note : Inthe above results, it should be kept in mind that the angle x must be expressed in
radians.

1

lim(1+x)" =e
x—0

lim log(1+x) = lim lIog(1+x) = lim Iog(1+x)1’x

X—0 X x—0 X x—0
. sin 3X
lim )
Evaluate :
x—0 X
Solution : lim SN 3X _ i, SIN3X 4 [Multiplying and dividing by 3]
x—>0 X x—>0 3X
~31im sin 3x

[l when x — 0,3x — 0]
3x—0  3X

=31 [ iy sinx_ |

=3 L| x>0 X 1J

Thus, lim SN 3% _

x—0 X

3



— @fa)
@ e (@ f(@)

a a a

(i (i) (i) )

Fig. 25.5

Let usobserve the above graphs ofa function.

We can draw the graph (iv) without lifting the pencil but in case of graphs (i), (i) and (iii), the
pencil has to be lifted to draw the whole graph.

In case of (iv), we saythat the function is continuous at x = a. In other three cases, the function
isnot continuousat x =a. i.e., theyare discontinuousat X = a.

Incase (i), the limit of the function does not exist at x = a.

In case (ii), the limit exists but the function is not defined at x =a.

In case (iii), the limit exists, but is not equal to value of the function at X = a.
In case (iv), the limit exists and is equal to value of the functionat x = a.

Ex-Examine the continuity of the function f (X) = X—a atx=a.

Solution - 1im f(x) = lim f(a +h)
"X—a h—0

= lim[(a + h) —a]
h—0
TSRS (i)
Also fa)=a-a=0 . (i)
From (i) and (ii),
lim f(x) =f(a)

Thus f(X) is continuousat X = a.
Ex-Show that f (X) = ¢ is continuous.

Solution: The domain of constant function c is R.Let ‘a' be any arbitrary real number.
limf(x)=candf(a)=c

lim f(x) = f(a)

- F(x) iscontinuous at x =a. But 'a"is arbitrary. Hence f(x) = c isa constant function.



: : 7 N
Consider the function f (x) = _x. We know that y
2
xisaconstant function. Let 'a' beanarbitrary real 4
number.
lim f(x) = lim f(a+ h)
X—a h—0
_lim/(a+h)
h—0 2 0 >X
7 -
=-a . (i) Fig. 25.7
2
f@)=" .
Also (@)= 22 (i)
. From (i) and (ii),
lim f(x) =f(a)

X—a

7 . ]
- f(x)= _x iscontinuousat x=a.

2
s 7
E isconstant, and X is continuous functionat X = a; gx isalsoa continuous function at x = a.
0] Consider the function f(x) = x? + 2x . We know that the function x?> and 2x are
continuous.
Now lim f(x) = lim f(a+ h)
X—a h—0
_limh(a+n)252(a+h)
hoso! L |
= |lim faz +2ah+h? +2a+ 2ah1
h—>OL J
—a?v2a . (i)
Also f(@=a2+2a L. (i)

- From(i)and (i), M ¢ =T()
-.f(x) is continuousatx = a.

Thus we can saythat if x2 and 2x are two continuous functions at x = a then (X2 + 2X) is also
continuousat x=a.

(i)~ Consider the function f(x) =(X2 +1)(X+ 2), We know that (X2 +1) and (x +2) are
two continuous functions.

Also f(x):(x2+1)(x+ 2)

=3+ 2X%2 + X +2



As x3,2x? x and 2 are continuous functions, therefore.
x> + 2x° + x + 2 isalso a continuous function.

We can say that if (X2 + 1) and (x+2) are two continuous functions then (X2 +1) (x+2)

is also a continuous function.

2
(i)  Consider the function f(x) = X" =4 atx=2. We know that (X2 —4) iscontinuous at
X+ 2
x = 2. Also ( x + 2) is continuous at x = 2.
Again lim x> =4 — lim (x+2)(x-2)
X=2 X+2  x->2 X+2
= lim (x-2)
X—2
=2-2=0
(2)° -4
Also f(2) =
2+2
0
4
lim f(x) =f(2). Thus f(x) is continuous atx = 2.
X—2

2

. . X" —4
If 2 _ 4 andx+ 2 aretwo continuous functionsat x=2, then
X X+2

isalso continuous.

(iv)  Considerthe function f(x) =| x —2|. Thefunction can be written as
_j(x=2),x<2
t) = { (x-2),x>2
lim () = limf2-h) 5

x—2" h—0

— lim[(2-h)-2]
h—0

=2-2=0
Lt L o (i)

x—2" h—0

= lim [(2+h)-2]

X—2
—2-2-0 .. (i)
Also £(2) = (222) =0 (iii)

- From(i), (ii) and iii), 1M T6) =72

Thus, |x —2] iscontinuousat x = 2.



Note

(i) lim kf(x) =k lim f(x) =k
(i) lim [f(x) £g9(x)] = lim f(x) £ lim g(x) = "+ m
() lim [f(x)g(x)] = lim f(x) lim g(x) ='m
lim f (x)
(ii) limE) _x5a  _ 7 provided lim g(x) =0
x—»ag(x) limg(x) m x—a

LIMIT OF IMPORTANT FUNCTIONS

n n

X —a n-1 limsinx=0
i lim = ii
M) x—>a X-—a na (i1) x—0
(iii) lim cos x =1 av)  lim "X
x—=0 x—>0 X
1
(V) lim (1+x) x =e (vi) lim log (1+x)
X—0 x—0 X
. et
(vit) lim =1

x>0 X
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