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MATRIX

A matrix is a rectangular array of numbers (or other mathematical
objects) arranged in rows and columns for which operations such
as addition and multiplication are defined.

[b e] [; 3 g [8 9 10] _01]
7 5 15

Uses of matrix in real life:-

This is a football match. Here A passes the ball to B, Bypasses the ball to A, B
passes the ball to C and C passes the ball to D. Ahis,can inform-te,the computer
using matrix as follows

AT0I1]00 W,
—C N A )
B|1[0/1]0
0 o0 1
clofolo]1 Q.
D/0][0[0]0

Order of a matrix:-

The number of rows and columns that a matrix has is called its order. By
convention, rows are listed first; and columns, second. Thus, we would say that
the order (or dimension) of the matrix below is 3 x 4, meaning that it has 3
rows and 4 columns.

1 2 2 5
[8 9 1 10]
7 5 9 15

The matrix with m rows and n column is m x n (m-by-n)

Types of matrix:-
Square matrix:-

If a matrix have same number of rows and columns.


https://en.wikipedia.org/wiki/Number
https://en.wikipedia.org/wiki/Matrix_(mathematics)#Basic_operations
https://en.wikipedia.org/wiki/Matrix_(mathematics)#Matrix_multiplication
https://stattrek.com/statistics/dictionary.aspx?definition=Matrix

- 1 1 2
[24 2 1 3
2 0 4

Null matrix/zero matrix:-

If all the elements of a matrix are zero then the matrix is called a zero/ null
matrix.

oo oo

Row matrix & Column Matrix:-

If a matrix has only one row (or column) is called a row matrix*(er column
matrix)

1
[1 1 2] [1]

Diagonal Matrix:-

If all the non-diagonal entries of a squareymatrix are zero and at least one
diagonal entry is non-zero then‘themmatrix isicalled a Diagonal matrix.

0 0 O 00 O
[0 5 O] [0 1 O}
0 0 6 05,0 O

Properties ofddeterminant:-

1)  If any twesows or columns of a matrix A are equal then the
determinantief A is zero.

2€ 25,0

Ex:=§1 1 /1| (calculate the determinant) =0
=15

2 1 1

2 1 1| (Calculate the determinant)=0

1 1 5

2 1 1

1 1 1| (Calculate the determinant)=0

2 1 1




i) If we exchange any two rows or columns then the absolute value of
the determinant does not change. But the sign of the determinant is
changed.

5 I 2
1 1 1
2 1 1

Exchanging 1% row and 2" row

1 1 1
5 1 2
2 1 1

Ex:-

(Calculate the determinant)= I

IAl=

(Calculate the determinant)= +I

iit) if k is multiplied to each element of any rowser columnef a matrix A
then the determinant of the matrix so formed is k.det(A)

2 2 2
Ex-IBI=|5 1 2|(Calculate the determinant)=s#2
2 1 1
2 2 2 1 1 1
5 1 2(=2(1.1-1.2)-2(5.1-2.2)+2(5:2:2.1)=-2-2+6=2=2.1=2. (5 1 2
2 1 1 2 1 1
IBI=2.1Al
2 2 2| 1+10 . 1+451 %1 (2 1 1111 1 1
Ex-15 1 2|=| 5 1 215 1 2(+|5 1 2
2 1 1 2 1 1 2 1 1112 1 1
5 273 [2+331+1 2+1| |2 @ 2| |8 T @
511 2|&l 5 1 2 |=F|I65 @ 2|+|58 1T 2
2 1, 1 2 1 1 2 1 1 2 7 1
a+b c¢sd e+ f| |a ¢ e |b d f
g h i |=lg h il+|lg h i
j k l j ok U] k 1
PROBEM
3 6 9
)] 1 1 1 |(without expanding determinant and use the
4 8 12

properties of determinant)



3.1 3.2 3.3
1 1
4.1 4.2 4.3

4 1 3

(using 3rd property)

12 3 9
1 11 1 1 1
8 8 4 2 2 1

PROPERTY 4

=3.4 =12

If to each element of any row or column of a determing imultiples
then the
1+ kR2 or

2NP PROBLEM yz (without expanding

evaluate the deter

y+z)+z+ V4 +x)+x y+x+(x+y)

X (R1BY R1+R2+R3)
X+Yy
2(y Z) 2(z% x) 2? x+y)
zZ+ X
x+y
(z x) (x+J')
x+y
(y+z)—((Z+X)+(X+Y)) z+x) (x+y)
z—(Z+X)+X) Z+x x |{C1—C1-(C2+C3)}
- X+X+Y)) x x+y
y+2z)—-Z-X-X-Y) (z+x) (x+y)
z—(Z-X)—-X Z+x X

y—X—-X-Y) X x+y



—X-X (z+x) (x+y)

21(X)—-X z+«x X
-X-X) X x+y
—2X (z+x) (x+y)

=2|-2X z+x X
-2X X x+y

1 (z+x) (x+y)
=2 X-2x|11 z+x X
1 X xX+y
1 (z+x) (x+y)
=-4x|0 0 —y |[(R2 by R2-R1 ,R3 by R3-
0 —Z 0

_ 0 -y

=4xx 1| Y|

=-4 x x (0- (zy))

=4 xyz

2) Prove without ex

1bQ<a a*a a“xa

caxb bxb b%xb

abxc c*xc c%*x*c

k% —
C

R1—aR1;R2—bR2;R3—cR3
) ) 1 a®> a 1 a2 &l |1 a®> &
:m b3 :mabc 1 bZ b3 =1. 1 bZ b3 =1 bZ b3
abc ¢ c? 1 ¢¢2 3 1 ¢¢2 Bl ¢ 3

Transpose of a matrix:-

If A is a matrix then the transpose of A which is denoted by AT is formed by
exchanging elements of rows by elements of columns.



T
A3 1| A‘|2 1
a b c a x p
A=|x y z|thenA™=|b y g¢q
p q r c z r

Det(A)=det(AT)
Minor and Co-factor , ADJ A, INVERSE OF A :-

Suppose A be a matrix and its determinant be det(A). Then, the. minor of an
element is the determinant of the matrix so formedgafter deleting the
corresponding row and column to which the element lie.

Cij=(-1)™ My
11 =2 _ _ o o — P _
A—| p 3| M= 3 Cu= (-1)%3=3 1A= 3-(-8) = 11
_ HPV, 13 2
M,=4 Ciz= (-1 4=\ Ay ABIA=| >

M21: -2 C21: (-1)3 X-2= 2
Moo=1 Coo= (-1)4 X 1=yl

_adja _ |54 gl _[3/114, 2/11

1
A Al 11 |=4/11 /11
2 -3 £5
=l6 0 W | 14|=2(-20)-(-3)(-46)+5(30) = -40-138+150= -178+150=
1 5 =7
-28
M= |g _47|: 0-20= -20 Cri=( -1)? x -20 =-20
M= -42-4=-46 Cio=(-1) x -46 = 46
M13=30-0=30 C13:( -1)4 x 30 =30
Mai= 21-25 = -4 Ca=(-1)3x-4=4
|\/|22: -14-5=-19 C22:( -1)4 X -19=-19
M23= 10 —(-3) =13 C23:( -1)5 x 13=-13

Mgy=-12-0 = - 12 Car=(-1)* x -12 = -12



Mso= 8-30= -22 C32:( -1)5 X -22 =22
Ms33=0 — (-18) =18 C33:( -1)6 x 18 =18

11 C21 C31] [-20 4 —12
AdjA=|C12 (22 (32|=|46 —-19 22
€13 (€23 (33 30 —13 18
-20 4 -12
_ [46 -19 22]
Al=A4A4  _l30 -13 18
|A| -28

MATRIX ADDITION SUBSTRACTION MULTIPLICATION

el ook Hve-bi Sl

342 4+4
asly dle=ly alae=3T; el

i“kﬁéijAB::g;ijfgf éﬁiiiﬁizhl A

ADDITION, SUBSTRACTION=S,QORDER SAME
MULTIPLICATION A= mXxXnyB=nxp AB=M XN

1 2] g e
A=[1 1|BSj ocﬂi . d A=3X2 B=3X2 C=2X3
4 2] [5%4
1 2' 1%11 2 3
A+B= (1.4 + la of= 2 1
4 21915 4
1% 1 1
AB=[1 1|-|1
4 2] s
1 2], 4 o [LX2+2X1 1X34+2X1 1X2+2X0
A.c=[1 4 1j1()—1xz+1x1 1X3+1X1 1X2+ 1X0
4x2+2x1 AX3+2X1 4X2+42X0

4
= 3
10 148



2 3 2] 2X1+3X1+2X4 2X2+3X1+2X2]:[13 11]
1X1+1X1+0X4 1X2 + 1X1 + 0X2 2

B ‘éHi—f i

FIND THE VALUE OF x?

X+4=3
x= -la/b=a.b?

Solution of system of linear equation by Cramer’symnethod:-

Linear equation:- A linear equation is an equation consisting of only the
variable with power one/ degree one.

System of linear equation:- Combination of two“er, more linear equations is
known as system of linear equation.

Suppose  2x-y+3z=3 ; X+2y+9zZ=2;9Xx-5y+3z=6 is the system of linear
equation with variablesi,y & z eachdvariable has degree 1.

2X-y+3z=3
X+2y+9z=2
X-oy+3z=6
AX=B

(Al

A= 2(6+45)+1(3-9)+3(-5-2)=102-6-21=75

3 -1 3
AX:<2 2 9
6 —5 3

IAy|= 3(6+45)+1(6-54)+3(-10-12)=153-48-66=39

2 3 3
Ay:(129>
1 6 3



1A,|=2(6-54)-3(3-9)+3(6-2) = -96+18+12=-66

2 -1 3
A=l1 2 2
1 -5 6

IA|=2(12+10)+1(6-2)+3(-5-2)=44+4-21=48-21=27

x=12xl —39/75
A

= Ayl
y i 66/75

z=22=97/75
4]

problem2- 2x+y=1  solve by creamer’ ﬂ
3X-y=4
AX=B

5 SllI= L

A= -2-3= -5

|AX|:[411 —11] =-1-4=

A=z 0]

pr—ii  2x+y=1 by matrix inversion method
3X-y=4

AX=B

X= A'B

6 10

A= [3 _1] A= -2-3 =-5



M1o=3 C1o=-3
M2:1=1 Ca=-1
M2o=2 Cn=2
.~ _[-1 -1
AL 2] 1/5 1/5
11— - "1 -1 —-11 _
At=AdiAlIAl =TT T 3/5 —2/5
X= AlB
1 4
H_X l1/5 1/5 ]_E+E: 5 _[1]
y 3/5 —2/5 3_8| |_s -1
5 5
X=1ly=-

Finding Inverse of a Matrix Using Matrixdinvessiorndethod

A is matrix. We find the inverse of A (A:l) as follows
A*(A1) =1
Procedure for finding inverse of a matrix:-

AL Zadj(4)
4]

Adj(A):-

1. Findsthe minor of each element
2. FiInd theeofactor of each element
3. Farm the cafactor matrix Co(A)
4. Formithe adj(A)=[co(A)]"

1 1 2‘

=15 2 7| order of A=3x3

0 1 3

Al =-

Minor of 1= -1 co-factorof 1= -1
Minor of 1= 15 co-factor of 1= -15
Minor of 2= 5 co-factorof 2= 5



Minor of 5= 1 co-factor of 5= -1
Minor of 2= 3 co-factor of 2= 3
Minor of 7= 1 co-factor of 7= -1
Minor of 0= 3 co-factorof 0 = 3
Minor of 1= -3 co-factorof 1= 3
Minor of 3= -3 co-factor of 3= -3
Co-factor matrix:-
-1 —-15 5§ -1 -1 3
Co(A)=|[-1 3 -1 Adj(A)=]1-15 3 3
3 3 -3 5 -1 -3
adj(d) 1 -1 -1 3
-1 — -+ | _
A =—al -3 15 3 3
5 -1 -3
_ |1 —2|
4 3
M11:3 ADJ
=( C11 ClZ|)T
C21 C(C22
_ _|C11 C21
Mi2=4 ADIA= 110 c22
13 2
M ADJ A= 41
M2,



sin(90-0)=cos6
c0s(90-0)=sin6
tan(90-6)=cotH
cot(90-0)=tan6

sec(90-0)=cosecH

TRIGNNOMETRY

ASTC RULE

AP

Sin, cosec +ve

Tan, sec, cos, cot -ve

2" quadrant (90°-180°)

Tan, cot +ve

3™ quadrant (180°-270°)

Sin, sec, cos, cosec -ve

All +ve

1%t quadrant (0°-90°)
Sin, cos, tan, sec, cosec, cot

>

4t quadrant (270°-360°)
Cos, sec +ve
Sin, cosec, cot, tan -ve

" 4

®
ot 90+0 (2" 180-0 (2 180+6 (3™
C 90) 1%t grd.) grd.) ard.) ard.)
in ® cosh cos0 sin0 -sinf
sin0 -sinf -CosH -CosH
Tan cotd -cotf -Tan0 Tan6
Cot tand -tan0 -Cot0 Cot6
sec cosecH -cosecH -SecH -SecH
cosec secH secH cosecH -cosecH

2275= 90 X 25+25 2"\° QUADRENT

2275=360 X 6+ 115
Sin 3754° =sin (90 X 41 +64) = cos 64 2"° QUADRENT




3754=360 X 10 +154

3333=360 X 9 +93

3333=90 X 37+3

Sin 3754°= Sin 154°= Sin(90+64)=cos64=+ve

Trigonometric Ratios:- A

0= L. _b. _P. _b
Sin6= o Cos6 o Tan0 o Cotb .

Se06=h; Cosece=E
b p

Pythagoras theorem

p? + b% = h? ; p- Perpendicular, b-
2 20 — (P24 by2_P? b7

sin“0 + cos“6 —(h) +(h) =

sec?d — tan?0 =1

cosec?8 — cot?0 =1

Sec 6 = 1/cos6

Cotf=1/tan6 ®
Cose /sinf
90+0 (2" 180-0 (2" 180+6 (3™
< st
0 (0=0<90) o‘e (1% grd.) grd.) ard.) grd.)
Sin cos0 cos0 sin0 -sin0
Cos sin0 -sinf -Cos0 -Cos0
Tan cotO -cot0 -Tan0 Tan0
Cot tan0 -tan0 -Cot0 Cot0
sec cosech -cosech -Sec6 -Sec6
COSec secH secH cosech -cosect

F(-x)= -f(x) odd function




F(-x)= f(x) even function

Cos, sec even function

Sin, tan, cosec, cot odd function

Sin(-3333°)= - sin3333°= - sin(90° x37 + 3°) = - cos 3°
Sin (3423)=sin(90°x 38+3) = - sin 3°

Cot (3425°%= cot(90° x38 + 5 ) = +cot 5°

Cosec (6255°) = cosec(90 x 69 + 45) =+ sec 45= /2
Sec(-7634°) = sec 7634° = sec(90 x 84 +74)= + sec 74

1. Find the value of cos1°.cos2°........ cos100°.
Solution:-
cosl®.cos2°........ cos100°

=cosl°.cos2°........ c0s90°.....cos1002

=0 [as c0s90°=0]

find the value of tan1°.tan2s....." tans9®

= tan L%itan2°...... tan44°.1.cotd4°........ cot2°.cotl”®
= (tanl °.cotl?).(tafi2°.cot2°)........ (tan44°.cot44°).1
=1.1.1. e 1

=1

2. find the value of cos 24°+cos 5°+cos 175°+cos 204°+cos 300°
solution: cos 24°+cos 5°+cos 175°+cos 204°+cos 300
= €c0s 24°+cos 5°+cos (180°-5°)+cos (180°+24°)+cos(90 x3°+ 30°)

= c0S 24°+cos 5°-cos 5°-cos 24°+sin30°



~sin30° =1/2

Sol = cos 24°+cos 5°+cos (180°-5°)+cos (180°+24°)+cos(360°-60°)
= C0s 24°+cos 5°-c0s5°-cos 24°+cos 60°

=0+0+1/2

=1/2

find the value of tanl°.tan2°....... tan100°

Sol:-

tanl°.tan2°....... tan100°

=tanl°.tan2°...... tan90°.....tan100°

=00

) coSXx Sinx
find the value of | :
SInNX CoSXx
cosx Ssinx 2 . 5
] = COS“ X — Sin“ % =%0Ss2x =
Sinx Ccosx

maximum value 1 , minimum value — 1
Some standard formula:-

1. Sin(A%+B)=sinA.cosB+cosA.sinB
Sin(A-B)=sinA.cosB-cosA.sinB
Cos(A+B)="cesA.cosB-sinA.sinB
Cos(A-B)=.cosA.cosB+sinA.sinB

Sin2A=sin(A+A)= sinA.cosA+cosA.sinA= 2sinA.CosA
Cos2A=cos(A+A)= cosA.cosA-sinA.sinA= cos?A — sin?A
Sin3A=3sinA-4sin3A

~N O gl ™

Sin3A=sin(A+2A)= sinA.cos2A+cosA.sin2A
SinA.( cos?A — sin?A)+c0sA.2sinA.cosA

=sinA(1-sin?A — sin?A)+2sinA. cos?A

=sinA-2sinA +2sinA(1-sin?A)

=sinA-2sin3A+2sinA-2sin3A

=3sinA-4sin3A



8. Cos3A= cos(A+2A) = 4cos3A — 3cosA
Problem- Sin18°
®=18°
=> 50=90°
=> 30+20=90°
=>20=90°-30
—> Sin 26 = sin (90°-36)
=> Sin 20= cos 30
=> 25in0.cos0 =4co0s30 - 3cos0
=> 2sinf.cosO= cosO(4cos?0-3)
=> 25in0=(4c0s20-3)
=> 2sin@=4(1-sin?0)-3=4-4sin?0-3=1-4sin*0
=> 2sinf=1-4sin?0
=> 2s5inB+4sin?0-1=0
=>4sin%0+2sin0-1=0

—-b¥/b?%-4.a.
Ax2Z+Dbx+c=0 x= — a.(c)

A=4b=2,c=-1 Q
. o —2F\[22-4.4.(-1) _-2FV20 _ —2F2V5 _
Sind 2.4 24 24y,
Sin 180 =—11¥5
sinv e)
that si cosec"0 = 2 for all positive integers n.

Therefore Sin 18°=
Cos18°, sin 36°, c0s36%

—1+5
4

If sin@ + cosec 0 =2 . h

Sinf =1, cosec 6=1
Sin"® + cosec"0=1"+1"=1+1=2

Find the maximum value of 3 sinx +4 cos X ?

3 sinx +4 cos X 3 cosx +4 sinx
Lect 3= rcosO,4 =rsind Lect 3= rsin®,4 =r cosO
r cosO sinx +r sinf cos x r sinf cos x+ r cosO sinx

r(sin x. cos 0 +cos x . sin 0)



r(sin( x+0))

32+ 42 =r2c0s? O +r? sin’

9+16=r?(cos? 0+ sin® 0) = 2.1

25=1r2

r=+5,-5

maximum value of 3 sinx +4 cos X iS5

minimum value of 3 sinx +4 cos X is -5
1. Sin(A+B)=sinA.cosB+cosA.sinB

2. Sin(A-B)=sinA.cosB-cosA.sinB
3. Cos(A+B)= cosA.cosB-sinA.sinB
4. Cos(A-B)= cosA.cosB+sinA.sinB
5. Sin2A=sin(A+A)= sinA.cosA+Cc0sA.sinA= 2SinACOsA
6. Cos2A=cos(A+A)= cosA.cosA-sinA.sinA= cd§?A — sin’A
7. Sin3A=3sinA-4sin3A
. 2tan A . 2 tans

8. Sin 2A = - Sin A = k-

1+ tan<A 1% taan

_ tan? _ tan22

9. Cos 2A = L=t 4 CoSA B =2

1+ tan<A 1+ tanZE

10. Cos 2A = cos?A — sin?A = 1— sin?A — sin®A= 1-2sin?A
1-2sin?A = cos 2A

1- Cos2A =2sin?A 1+Co0s2A =2cos?A
1 — cos24A

11. SinfA= 1—cos2A Sinﬁz 1—cosA
\’ 2 2 \I 2

14+cos2A A 14+cosA
12. “Co0SA= / Cos —= /
2 2 2
1- 2A A 1-— A
13. Tan A= / c0s tan= = c0°
14+cos2A 2 14+cosA

14.  Sin C + Sin D= 2sin C;D . COS C;D
15.  Sin C - Sin D=2cos C;D .sin C;D
16. Cos C + Cos D=2cos GTD. cosC_TD

D-C

17.  Cos C - Cos D =2sin %.sinT



PROBLEM, :- If A+B+C=n then prove that(PROVE THAT IN A
TRIANGLE)
Sin 2A+sin 2B+sin 2C= 4 sinA.sinB.sinC

Proof:-
L.H.S
Sin 2A+Sin 2B+Sin 2C

. 2A+2B 2A-2B .
=2 SIn CcoS 5 + 2 sinC. CosC

=2 Sin (A+B).cos(A-B)+2 SinC.cosC

[given A+B+C=n => A+B= n-C]

=2 sin(n-C). (cosA.cosB+sinA.sinB)+ 2 SinC.cosC

=2 sin C. (cosA.cosB+sinA.sinB)+ 2 SinC.cosC

=2 SinC.CosA.cosB+2SinC.sinA.sinB+ 2 SinC.cosC

=2 SinC.CosA.cosB+ 2 SinC.cosC+2.sinA.sinB. SinC
=2sinC[cosA.cosB+cosC]+2sinA.sinB.sinC
=2sinC[cosA.cosB+cos([n-(A+B) )]+ 2sinA.siB.sinC
=2sinC[cosA.cosB-Cos(A+B)J+.2sinAisinB:sinC
=2sinC[cosA.cosB-(cosA.cosB-sinA.sinB)]+ 2sinA.sinB.sinC
=2sinC[cosA.cosB-cosA.cosBsinAsinBl+ 2sinA.sinB.sinC
=2sinC.sinA.sinB+2sinA.sinB.sIinE
=2sinA.sinB.sinC+2sinA:sinB.sSinC

=4sinA.sinB.sinC

h.w-BROBLEM, :- If A+B+C=n then prove thattPROVE THAT IN A
WRIANGRE)
COS2AsE0S 2B+cos 2C+1 = - 4 cosA.cos B.cos C

Show that the equation sinf = a +
% does not have a solution for every real number a # 0

a’+1
a

sinf =
If a=0



Then sinf = 1 we have solution for this .
Suppose a# 0
a?+1
a

. a?+1
For any negative value a—— < —1

But we know range of sinf is [-1 1] so for any value
sinf = a + % does not have a solution for every real number a + 0

>1

For any positive value a

Find the maximum value of 5sinx +12 cos X
Lect 5= rcosO, 12 =r sind

r cos0 sinx +r sinf cos X

r(sin X. cos 0 +cos x . sin 0)
r(sin( x+0))

52 + 122 =r? cos? 0 +r? sin? 0
25+144= r?(cos? 0+ sin® 0) = r2.1

169= r?
r=13,-13
Find the maximum value of 5sinx +%& cos

2+3sinX+4c0sx

3 sinx +4 cos X

Lect 3= rcosf,4 =rsind
2+r cos0 sinx +r sinf ¢
2+r(sin x. cos 0 +cos x
2+r(sin( x+9))
32 + 42 = r? cos?

Find the maximum value of 3sinx+4cosx-2

3sinx+4cosx-2

3 sinx +4 cos X -2

Lect 3= rcosb ,4 =rsind

r cosO sinx +r sinO cos x-2
r(sin x. cos 6 +cos x . sin 0)-2
r(sin( x+0))-2

32+ 42 =2 cos? 0 +r? sin’ 0



9+16= r?(cos? 0+ sin? 0) =r2.1

25=1r?

R=5,-5

Maximum value= 5-2= 3

Minimum value= -5-2= -7

Find the maximum value of 2-3sinx-4cosx

2-3sInX-4cosx

2-3 sinx -4 cos X

Lect 3= rcosb, 4 =rsind

2-1 cosH sinx -r sinf cos x
2-r(sin x. cos 0 +cos x . sin 0)
2-r(sin( x+0))

32+ 42 =12 cos? 0 +r? sin? 0
9+16= r?(cos? 0+ sin? 0) =r2.1
25=r?

R=5,-5

Minimum value= 2-5= -3
Maximum value= 2-(-5)=7

. en f1:B—A
Sin:R—[-1,1] sin~:[-1,1]-R

Q B



Sin(sin™1x) =x sin~1(sinx) = x sin"1(1) = sin~'(sin90)
=90°

cos(cos 1x) =x cos 1 (cosx) = x

tan(tan~1x) = x tan"(tanx) = x tan™?! (\/—15) =

tan~1(tan30)=30°

sec (sec lx) =x sec 1(secx) = x sec”1@).=
sec”1(sec60) =  60°

cosec(cosec™1x) =x cosec” (cosec x) = x

cot (cot™1x) = x cot™(cotx) =

cosec™lx = Sin_l(i) x>1, osec‘l(%)

sec™lx = cos‘l(i) Jx[>1

cot™1x = tan"l(%), x>0 =) = tan~1(x), x>0

cot™lx =+ tan~1(3), x< c ‘1(£) =1+ tan"1(x), x<0

sin~lx + cos

, x€[=1,1]

tanTx + cot ™ 1x ==, x€ER

®

sec” cosecTlx = % , X€(-00,-1]U[1,00)
e .
tan"lx + tan"ly|= tan~?! f—;; if xy <1

<

nttan~ 22 if xy >1, x>0, y>0
1-xy

S - nttan™! f—xj; if xy >1, x<0, y<0

tan~1x — tan~ly = tan~1 === if x>0,y>0
1+xy



problem 1 : tan‘l(%) + tan_l(é)

[x=1/2 ,y=1/3 => xy=1/6<1]

1 1 5

= tan~1 (2):(31) = tan"l(—g) = tan~1=tan~(tan<) =n/4
1-6)®) ” 4

Problem 2: Find the value of cos tan™! cot cos™? (g)?

_ 4 A3
cos tan~! cot cos ™! (\/7_)
=cos tan~1 cot cos™! (cos g)
= cos tan~! cot 30°

=cos tan~1 V3

=cos tan~1 (tan 60°)
=c0s60°

=1/2

:E-|-

2

sin

.4 1 4

sin” " — + cos

V5

n_l_ _1( 9 3 1)

= —4sin” " (— - — =

20 N 10 V10 5
T 1 1 3 2 T
= 4 sin (o=t = — ——— % —) = = + sin"

2 V5 V10 V10 V5 2



s (3) =5 () 5=
g-4 cos™! x + sin~! x = 7 what is the value of x
4costx+sin"tx=n

22 coslx+sin"lx=m

2.cos”(2x? — 1) +sin"lx=n

cos 1(22x*—1)* =1 +sin"lx=n

s
cosT1(2(2x - 1)*-1) + 5 coslx=m

T T
cos1(2(2x2—=1)2—-1) —costx =nm— 5=3

find sec?(tan™1 2) + cosec?(cot™1 3)
sec?(tan™! 2) + cosec?(cot™1 3)

=1+ tan?(tan"12) + 1 + cot?(cot
= 1+ (tan(tan™12))? + 1 +(eet(cot™
=1+224+432=1+4+1+9=

)
)

tan’x = (tanx)?

If tan™12 and tan~'3 a¥e,two angle of a triangle then third angle=?

tan@t2 + tan~13 + tan"1x = 180°

=180°
6x =0

tan~11 = 459



Co-ordinate geo ry ensions

Cartesian product:-
A & B are two sets then their A
AXB={(x,y): x€EA,y€EB

e order pair (x,y) such that x€EA & y€B.

(+,+)

)

. (_’_) (+,-) X-axis—>

Distance formula:-




(X1, Y1) (x2,¥2)

Let P(xq,y,) & Q(x,,y,) aretwo points on the co-ordinate geometry. Then
their distance can be calculated as follows

d=/(xz — %)% + (¥2 — ¥1)?

ex:- distance between (3,5) & (2,1)
Xx1=3,y1=5,x,=2,y,=1

d=/(2—3)2+ (1 —5)2=/(-1)% + (—4)2=V1 + 16=V17
ex:- find the distance between two points (-1,1) and (3,3);
d=y/(3 = (=1))% + (3 — 1)2={/(4)? + (2)2=V16 + 4=Y20
.- find the distance between two points(2,0) and (-3,7)
d=/(=3 —2)2 + (7 — 0)2={/(=5)2 + (7)2=V25 + 49= V74
Division Formula (Internal):-

Suppose P(x,y) intersects the line segment joiningythe pointsy(x;,y;) &

(x5, y,) internally in the ration m:n then the ce-ordinate of (x,y) is
_ me+nxl

m+n m+n
Ex- find the point which intersgets the ling,segment joining the points (5,4) and

(2,1) internally in the ration 2:1?

Sol-here x; =5 x,=2441=4 y, =l4m=2"pn=1

Therefore by internal divisionfformula

The point P(x,y) which intersects the line segment joining the points (3,4) and
(2,) is

_ mx; +nx1 my-, +ny1

andy=
m+n m+n

_ 2#240%5 | 2x14dx4

T [2+1 T 241
X=9/3,; y=6/352
Therefare the point is (3,2)
Division Formula (External):-
Suppose P(x,y) intersects the line segment joining the points (x;,y;) &

(x,, v,) externally in the ration m:n then the co-ordinate of (X,y) is
— MX;—NXq 2~ NY1

X= and y="%

m-—-n m-—-n

Ex- find the point which intersects the line segment joining the points (3,4) and
(2,1) externally in the ration 2:1
here X1 = 3 X2:2 y1:4 Vo, = 1 m=2 ) n=1



_ 2%2—1%3 _ 2%1-1%4
= and y=
2-1 2-1
x=1/1=1y=(2-4)/1=-2
*** Suppose P(x,y) bisects the line segment joining the points (x,,y,) &

(x,,v,) then the co-ordinate of (x,y) is

Xo+X +
X= 22 1 and y= yZZJ’1

Area of Triangle:-

Suppose ABC is a triangle with A (x1,y1); B (x5, y,) & C (x5, y3) are the
vertices. Then the area of the triangle ABC is

1 1 1
X1 X2 X3
Yi Y2 V3
Ex:- find the area of the triangle whose vertices_are (0,1); (1,0)wand (1,1)
Solution- Let ABC is the triangle with verticesas A(0,1),B(1,0) and C(1,1)
then the its area is

A=E
2

1 1 1
A=2|0 1 1|= - [1(1-0)-1(0-1)+1(0-1)] =5 (1#1=1)=2 sq. unit
1 0 1

If the area of triangle ABC is zerxo then'the peints A (x4, y1); B (x2,y2) &
C (x3,y3) are collinear.

1.h.w= Find the area of/the triangle.whose vertices are (0,0) , (2,0) and (5,0)
2.find the mid point of line jaining (2;3) and (4,5)

Slope of a ling:-

Suppose a line Tymakes an @ngle 6 with respects to X-axis.
Then thesslope of Liis the tan6. Slope of

a ling is deneted by m:here 0 is the angle of 6

inclination.

ex:- let angle of inclination of the line L is 60°. Then what is

it slope.

Here 6=60° therefore slope, m=tan 60°=\3

Find the slope of line whose angle of inclination is
) 45° (m=1) i) 30° (m=1A3 ) iii) 120°(m=-V3)
i) Find the angle of inclination of the line whose slope is



)1 (0=45° ) ii) V3 (0 =60°) ii)1AN3 (0=30°) iv)0(0 =0°)

Anagle between two lines:-

Suppose L, & L, are two lines with slope Y-axis Ly

m, & m, respectively. Then the angle -

between two line L; & L, is

0= tan_l(w) X-axis >
1+‘m1‘m2

Ex:-find the angle between two lines whgse slop

are1 & 0.

0= tan 1(—"2)
1+mim,

O =tan"1( 10 ) = tan~11= tanyl(tand ° =m/4
1+1%0

my—ms; _

1+m1m2_

-mqy —m, = 0 my = ara“e

Ma—mp _1

1+m1m2_0 ‘

0=1 1m,

mymy = er;gn icular

Suppose L, & L, are two lines with slope m; & m, respectively then

1)  Lq||L, < my = m, (condition of Parallelism)
i) Ly lLL,o>mm,=-1=>m,; = —mi (condition of Perpendicularity)
2

Ex:-if L; & L, are two lines with slopes 1 & -1 then what you can tell about
L &L,.
mm, = 1x—-1=-1 :>L1 J_LZ



Slope of a line which passes through two given points (x4,v1) & (x5,V-)

(X1, Y1)

mz)’z‘)’1
X2—X1

(x2,¥2)

ex:- suppose a line passes through (1,2) and (2,3) then find it’s slope.

- 3-2
m=2-21 =-""=1/1=1
X2—X1 2—1

it’s angle of inclination is 45°

Equation of a straight line:-
1. Slope intercept form:-
Equation of a line with slope m and y-intercept
as Cc is y=mx+c
m=2 c=4
y=2Xx+4

Y-axis ™ [

\ X-axis >

ex:- find the equation ofa linegvitiiglope 1 and Y-intercept as 3.

Y=x+3

2. Slope Point form:-
Equation of a lineywith slope'm and which passes

through (x1,y1) isYays = m(x — x4)

Ex®Find thalequation of a line with slope 1
and passesitim®tigh (2,3)
X, =2,y;=3m=1
y-3=1(X-2)
y-3 =X -2
y-x-1=0
y=X+1
3. Two Point form:-
Equation of a line which passes through

(x1,¥1) & (x3,¥2) 1S

Y-axis T (xlr 3’1)

\ X-axis

X (x2,52)
Y-axis




— Y21
Y-Y1 P

(X-%1)

Ex:- Find the equation of a line which passes through
(-1,2) and (2,3)

x1= —1y1=2 x3,= 2,y,=3
3-2

_3-2
y-2=-—= (x + 1)

y-2=2 (x+1)
3(y-2)=x+1
3y-6=x+1
3y-x-7=0
3y=x+7

1 7

Y=- x+-
373

4. Intercept form:-
Equation of a line with X-intercept
Y-intercept as a & b respectively is
X

; + % =1

Ex:- find the equation o
3 as Y-intercept.

\

d
Ans- a=2,b=3 /
X y
> + 3= 1 Q
3X+2y- =0 A
5/ Normal (Perpendicular) Form:-
® .
. . . Y-axis T D
n of a line L which is at a
from the origin. a

X cos a+y sin a=d, d=|OP|

Ex:- find the equation of line which is
at a distance 4 from origin and makes an
angle 135° with respect to X-axis.

Here 0=45°;d=4

Therefore equation of line x cos 45°+ y sin 45°=4

1 1 1
=>x5+yﬁ=4=>ﬁ(x+y)=4=>x+y=4\/2




g-reduce x + V3 y + 8 = 0 to normal form of equation of straight line.
General form of eq of a line ax+by+c=0
Normal form xcosa + y sina —p = 0
We know by comparing these two equation we get
a b —C

—x+ =
va? + b? va? + b%? +a? + b?

x+\/§y+8=0herea=1,b=\/§,c=8

So equation in normal form will be

ex-find the equation of thegline length 4 unit and inclined with
an angle 60°
«=60°, p=4
X COSe< +Y Sin ©

y=—"x— - (slope)m==% C(y intercept)= —

S a

ex- Find slope and y-intercept of the equation 2x+3y+8=
2x+3y+8=0
3y=-2x-8

= e (-



-2 8
wZe- (-3
3 3

Ex-Find angle of inclination of the equation 2x+3y+8=0

2x+3y+8=0
3y=-2x-8

2 (-3

-2 -2
m=— tanQ=—
3 3

0=tan~1( _?2)

Ex-Find angle of inclination of the equation 0

2x-2y+8=0
-2y= -2x-8
2 8
v %+ (3)
y=X+4

m=1, tan6=1
f=tan~! 1= 45°

1. find the equation of a line which passes through (@,21) and having

What u think:-

What to do What is given Thinking’s

Find Equation | Passes through (1,-1) 1. Slope-intercept form




of a line 2. Slope-Pointform

3. Two point form
4. Intercept form
5. Normal form

Angle of inclination Slope = tan 0
150° Slope = tan 150°= \/ig
Find the equation of line passing through (1,-2) and having Y -intercept as
2.
What to do What is given Thinkings

Find Equation | Passes through (1,-2)
of aline

Y-intercept:-2

PROBLEM ON THESE CONCEPTADIS EARLIER

— mi—m
0=tan 1(#11'122)

m4, = m, parallel

mym, = —1 perpen lar

slope of the line 2x-y+3=0

y=2Xx+3
my= 2
0= tan " 1(—"2)
1+m1m2
_ —1_—1-2
0= tan (1+(—1).2)
0=tan"1(—)



ex- find the line perpendicular to x+y+2=0 whose y-intercept is 3
let the equation of the line perpendicular to x+y+2=0 is
y=mx-+c

given c=3

y=mx+3

since two lines are perpendicular then product of their slope is -1
slope of x+y+2=0is -1

(y=-x-2)

m.(-1)=-1

m=-1/-1=1

so equation of the line is y=x+3

X-y+3=0 (ans)

ex- find the line parallel to x+y+2=0 whose e

let the equation of the line parallel to x+y+2=0 is
y=mXx+c
given c=3

y=mx+3
if two lines are parallel the slop al to each other
Then slope of the line O(y -1

so equation of the line
X+y-3=0 (ans)

slope of the line 2x+4y+1=0 is my= <

4y=-2x-1
=2 1

YT

mi=mo

so these two lines are parallel



ex- check whether these two lines are perpendicular or parallel to each other.

X+2y+3=0 ,4x-2y+1=0
slope of the line x+2y+3=0 is m;= _71

2y=-X-3

-1 3
Y= -736' — E
90°

slope of the line 4x-2y+1=0 is my= 2
2y=4x+1

y= gx + %

My.my= _71 2=-1

so these two lines are perpendicular

Condition for coincidence of lines
.aixX+biy+ci=0
aX+hoy+C=0

@y by

Ex 2x+3y+6=0
4x+0y+12=0Q

N

6—
12

a, by

1, M1—M3
(1+m1m2)

0=tan™

__1_2
0=tan (-
(1+71.2)

-5
0= tan‘l(%): tan~1(o0)=

C1

%)

Equation.of alinepassing through a point and parallel or perpendicular

to a line

Y-axis T

—
»

Find the equation a line L
which passes through \

(x1,v4) and parallel to *

The equation of L, is y= mx+c

v

Slopeof L; =m

AsL| Ly

X-axis >

(x1,¥1) \ \




Therefore slope of L=m

As L passes through (x;, y;) and having slope m therefore equation of line L
in slope point form is y-y; = m(x-x;)

Ex- find equation of a line which passes through a point(4,3) and parallel
to the line 2x-3y+5=0

Ans- passing through a poin (X1,y1)=(4,3)

Line is parallel to 2x-3y+5=0 so slope will be equal to the slopetef the given
line.

Slope of 2x-3y+5=0 (2x-3y+k=0
3y=2x+5 2.4-3.3+k=0
Y=2x 42 8-9+k=0

3 3
m == K=1, 2x:8y+120)
so equation of the line passing through (4,3)and slope %

Y-y1= M(X-x1)

is y-3= = (x-4)

3(y-3)=2(x-4)

3y-9=2x-8

2x-3y+1=0

Equationof line passing through a point and perpendicular to a
line:-

Suppose L is a'line

\Whigh passesithrough Y-axis
(%4, v,) and perpendicular
To the'line L:y=mx+c
We know that if two
Lines are perpendicular
Then the multiplication of «

»
»

L

Their slopes is -1. X-axis =
Therefore slope of L X slope of L
is -1.

Slope of L=-1/m /v (¥1,71)

v



Equation of line passing through
(x4, y,) and having -1/m as slope is

Y-y1 = —%(x — X1)
Ex2- find equation of a line which passes through a point(4,3) and
perpendicular to the line 2x-3y+5=0
Ans- passing through a poin (x1,y1)=(4,3)
Line is perpendicular to 2x-3y+5=0 so slope will be equal to -1/slope of the
given line.
Slope of 2x-3y+5=0

3y=2x+5

Y=2x +2
3 3

m :§ slope of the line perpendicular to it= ‘73

so equation of the line passing through (4,3) a

IS y-3= _73(x-4)
2(y-3)=-3(x-4)
2y-6=-3x+12

3x+2y-18=0(ans)eq of the line

Equation of a line pas tersection of two lines

If a line passing through intersection of two lines L; and L, (GIVEN)
Then the equation of the line is L; + kL,=0

Obtaion equation of the line passing through the intersection of
3x-2y+7=0, x+3y+3=0 and point (1, -1)
Ans- equation of the line 3x-2y+7+k(x+3y+3)=0



3.1-2(-1)+7+k(1+3(-1)+3)=0
3+2+7+k(1-3+3)=0
12+k=0
K=-12

So equation of the line is 3x-2y+7+k(x+3y+3)=0
3X-2y+7-12(x+3y+3)=0
3X-2y+7-12x-36y-36=0
-9x-38y+29=0
9x+38y-29=0(ans)

Perpendicular Distance of the point from a line

XY
Let d be the distance from the point (x1y1) L+by+c =0
_lax{+by;+c
| Vaz+p?

ex- Find the length of theyperpendicular drawn from the point (-5,3) to the line
3x+4y-6=0

_ —15+12 6 |

|— | = (ans)
If the area of trlangle ABC is zero then the points A (x1,y1); B (x2,y2) &
C (x3,y3) are collinear.

Condition for coincidence of lines




aiX+biy+ci=0
aX+hoy+C=0

Ex 2x+3y+6=0

4x+6y+12=0
2.3 _6_1
4 6 12 2

CIRC

Circle:- A circle is the locus of points whi
equidistancefrom a fixed point.
Here the fixed point is the c

Chord of a circle:- Th
pointson the circumfere
the chord.

, whose centre is at (h,k) and the A

+ -k} =r?
origin i.e (0,0) then the equation
+ yZ e rz

Ex:- find the equation of the circle whose centre is at
(2,3)and radius is 4.

Solution:-
Here the centre of the circle is at (2,3)
Radiusr =4

Therefore the equation of circle is (x — 2)2 + (y — 3)? = 42
=>x2+4—-2x+y>+9 -6y
=16
=>x2+y?—2x—-6y—3=0
Ex:- find the equation of the circle whose centre is at (-1,4) and



radius is 3Solution:- Here the centre of the circle is at (-1,4)
Radiusr =3
Therefore the equation of circle is (x — (—1))2 + (y — 4)? = 32
=> (x+1)2+ (y —4)? = 32
=>x2+1+2x+y>+16 —8y
=9

=>x2+y?+2x—-—8y—8=0
Ex:- Ex:- find the equation of the circle whose centre is at origin and
radius is 1Solution:-

Equation of a circle passing through three points
Example- Find Equation of a circle which passes through (0,0)(%0)(0,1)?

Ans-

We know equation of a circle
X2+y2+2gx+2fy+c=0

As circle passes through (0,0)
0%+0%+2g.0+2f.0+c=0
C=0-------- (1)

As circle passes through (1,0)
12+0%+2g.1+2f.0+c=0
1+2g+C=0-------- (2)

As circle passes through (0,1)
0%+12+2g.0+2f.1+c=0
1+2f+C=0-------- (3)

Now we will solve these three equation

1+2f+C=0-------- (3)
Putting c= 0" in eq:2 we get
1+2g=0

2g=-1
-1
8=

Putting c=0 in eg- 3 we get
1+2f=0
2f=-1



so equation of the circle is
X2+y?+2gx+2fy+c=0
X2+y2+2. _71x+2_71y+0 =0

X2+y?-x-y=0(ans)

3dimensional geometr

®

Ans- we know distance between two points is

d=y/(xz — x1)% + (2 —¥1)? + (22 — 21)?
here (X1y1,21)= (1,2,4) (X2Y2,22)= (-5,6,7)

d=y/(=5—1)2 + (6 — 2)2 + (7 — 4)2



d=v36 + 16 + 9=161

ex- Find distance between two points (1,-2,4) and (-1,3,1)?

Ans- we know distance between two points is

d=y/(x2 = x1)? + (v, = ¥1)? + (2, — 21)?
here (X1y1,21)= (1,2,4)_(X2y2,22)= ()

d=\/(-1—1)2+ (3 — (-2))%2 + (1 — 4)?

d=v4 + 25 + 9=+/38

section formula

Q (x5, 5, 2,)

n
R (x,y,2)
m

Px,».2)

if a point (x,y,2)divide the line.sement joining two points (X1y1,21) and
(X2,y2,22) in mip,ratio internally

then thepoint (x,y,2)= (mxz +nx, , my,+ny; ’ mz, +nz1)

m+n m+n m+n

It a point' (X3y;2) divide the line sement joining two points (X1y1,21) and
(X2,y2,22) in m:n ratio externally

then the point (x,y,z)= (mxz—nxl mypny; mzz—nzl)

m—-n m-—-n m-—-n

Ex- Find the coordinates of the points that divide the line segment
joining the points (2,3-2) and (6,32) internally in the ratio 3:1?



Ans-

— @

(2,3,-2) 3:1 (6,3,2)
We know if a point (x,y,z) divide the line sement joining two points (X1Yy121)

and (X2,y2,z2) in m:n ratio internally

then the point (x,y,z)= (mx2+nx1 mystnys mZz+nzl)

m+in m+in m+n

here(X1y121)=(2,3,-2) (X2,y2,22)=(6,3,2) m=3 n=1

3.6+1.2 3.3+1.3 3.2+1.—-2 20 12 4
(x,y,2)= ( , ) ) = (—,—,—) = (5,3,1)
3+1 3+1 3+1 4 4 "4

Find the ratio in which the point (9,-11,1) divides the line segment
joining the points (1,5,-3) and (3,1,-2).

S e

(1,5,—3) (9-11.1)KI (3%, —2)

We know if a_pomiy(x,y,z) divide'the line sement joining two points (X1,y1,21)
and (X2,y2,z2) lym:n ratio internally

then the point (X,y,2)= (mxz +nx, , my,+ny; ’ mz, +nz1)

m+n m+n m+n

here(xl,yl,zl):(l,S,-S) (X2y2,22)=(3,1,—2) m=k n=1

(X Z)_ (k.3+1.1 k.1+1.5 k.—2+1.—3)
Y k+1 ' k+1 ’  k+1

3k+1 k+5 —2k—3
(k+1’k+1’ k+1 )2(9’_11’1)
3k+1
k+1 =9




3k+1=9(k+1)
3k+1=9k+9

6k+8=0
. 8 4
6 3

Therefore the point divides the line in a ratio 4:3 externally.

Centroid of a triangle:

(x1+x2+x3 Vi+tY,+Y3 21 +2;
3 ’ 3 ’

Mid point formula

Mldpomt(x y,z) of the line segment joining

\

Question- What is the midpoint of the I|ne joining the
points (—3,4,7) and (9,0,3)?

,21) and (Xz,yz,Zz,)

Xo+X + +
(XyZ) (2 1 Y2 J/1 Zz Z1)

2

Ans- Midpoint(x,y,z)
and (X2¥222)=(9,0,3) is

(xy.2)= (27

entjommg two points (x1y1,21)=(-3,4,7)

2) = (3,25)

DIRECTI CO&I AND DIRECTION RATIO
Z

P(x,y.2)

°<( B

= cos
M= COS g



n=cos Y
(I,m,n) is direction cosine of OP.
Let a,b,c be direction ratio of a line and and I.m,n be direction cosine then

l_m n _

i

|=ak,m=bk,n=ck

I? + m? + n?=1(proof not in syllabus)
a’k? + b*k? + c*k?*=1

K?(a? + b% + c2)=1 k==

va2+b2+c2

[ —ak=——

vaZ2+b?%+c?
b
m= bk=

Va2+b2+c?

C
va2+b2+c?
direction ration of a line joining two points (Xa,y1,21)(X2,2,22) is
(X2- X1, Y2- Y1, Z2- Z1)

n=ck=

EX- IF A LINE has direction ratio 2;-1.-2 . determine its direction cosine
Given a=2,b=-1,c=-2

l = a = 2 :izz
VaZ+bZ+c? 22+(-1))EH(-2)2 VI3
_ b _ —1 e N |
“Ja2+b2i2  2ZH(CIE(-2)T O 3
N c _ -2 ~2 -2

TR RN (-2 VO 3
ex- Find the direction cosines of the line passing through the two points (-
2,4,-5yand(1,2,3)?
ans= direction ratio of the line joining the two points (-2,4,-5) and(1,2,3) is(
1-(-2)p2-4",3-(=5) )

= (3,-2,8)
This means (a,b,c)=(3,-2,8)

l = a = 3 = 3
JaZ+b2+c2 [32+(-2)2+(8)2 V77
_ b . -2 _ -2
JaZip2+c2 3%+(-2)2+(8)2 V77
c 8 8

e 2t @R V7T
ex- show that the points A(2,3,-4), B(1,-2,3) and C(3,8,-11) are collinear.



Ans Direction ratios of line joining A and B are
1-2,-2-3, 3-(-4) that is -1,-5,7=(a; by, ¢1)
Direction ratios of line joining B and C are
3-1,8+2,-11-3 that is 2,10,-14=(a; b,, c3)

two lines are collinear if the ration of their direction ration is same
. b
thatisZX=2=2
a; b, C

-1_-5_ 7 _-1

2 10 -14 2
Angle between two lines
If two lines having direction ratio (a; by ¢1) and (a;, bg. c;) given or
direction cosine (I, m; ny) and (I3, m,.n;) given

cos0 = L1, +mim, + nin;

aa, + b1b2 + 16y

cosf =

\/alz + b12 + Clz\/azz + b22 + CZZ

Condition of parlallelism:

@y, by Ny
ap, by <c,

l1_m1_n1

E 4 m; - n;
Condition of perpeadicularity

a,.0a, + byby, + c1c, =0
ll' lz + mlmz + n1n2 == 0

Ex-find the acute angle between two lines whose direction ratios are 2,3,6
and 1,2,2 respectively.

Ans- here direction ratio is given so angle between two lines is
a;a, + b{b, + c,c,

cosf =

\/alz +b% + 012\/6122 + b,* + c,2

Hel’e a4, bl’ 1 = 2,3,6 az,bz, Cp = 1,2,2



2.1+3.2+6.2 20 20 20
V22 + 32+ 62V12 +22+22 4949 7.3 21

cosf =

0 = cos?! (2) (ans)

ex- Find angle between the lines whose direction cosines are
(ﬁl ﬁ) (ﬁl ﬂ)
4,4’ 2 4,4’ 2

ans if we know the direction cosines then angle between two lines is

cosO = L1l + mym, + nn,

Here Ly my, ny = (x/§1 ﬁ) L, m,,n, = (\/51 -ﬁ)

4,4 2 4 102
V3 V3 11 V3 V3 3 1 30 3+1-12 8 1
s =—.—+--+—.——=—+——== 2 __1
4,°4 4’4 2 2 16 16 4 16 16 2

cosO = —% = cos 120°
6 = 120°(ans)

PLANE

Equation of a plane

ax+by+cz+d=0

equation of xy plane z=0

equation of yz'plane x=0

equation of zx‘plane y=0

equation.of a plane through three non collinear points

suppose threemnon ‘collinear points are (X1Y1.21), (X2Y2.22) (X3Y323)

then equatien<of the plane

X—X1 Y—V1 <Z—27
Xo—X1 Y2—YV1 Z—Z1|=0
X3—X1 Y3— V1 23— 73

Equation of plane in intercept form

X A
a b c



ex- find the equation of the plane with intercepts 2,-1,5 on x,y,and z axis
respectively

ans= we know equation of a plane having intercept a,b,c is

X A
2yl
a b c

X y z
2 -1 5

5x —10y+2z—-10=0

=1

Transformation of general equation of a plane to normahform

ax+by+cz+d=0

normal form Ix+my+nz-p=0

[ m n) W
a bayc W\
a N b Vi c =p
Va2+b2+c2  Va2+b2+c2’f Va2+b2+cZ
a
va?+b2+c?

ex- find direction casine of the normal to the plane x-y+1=0

direction ratio (a,0,C) is (1,-1,0)

a 1 1
VaZ+bZ+cZ  [124(-1)2+02 V2
M= b 4 -1 -1

VaZ+bZ+c?  \[124(-1)2+402 V2

direction caeSines are 1=

c 0
“VaZ+bZ+cZ  J12+(-1)2+02

n




Angle between two planes

a,a, + byb, + c1c,

\/af+b12+clz\/a§+b§+c§

cosf =

Ex- find angle between the two planes 2x+2y-3z=5 and 3x-3y+5z=3
AnS: here (al, bl’ Cl) - (2,2, _3)(a2, bz, Cz) — (3, _3,5)

aia;+biby+cqicy _ 2.3+2.—3+(—3).5
V22+422+(-3)2,/32+(—3)2+52

We know cosf =

Japeviec Ja3iecs

6-6-15 15
V1743 731
15
6 =cos™! ———
731

Distance of a point from a plane

Distance from a point(xy, y;, zf)to a linelax ¥by + cz+d =0

d= axi+by,+czi+d

| VaZ+bZec?
Ex- find the distance fram thé'point (2,-3,-1) to the plane 2x-3y+6z+7=0.

Ans-we know, Distance fromuapoint(x,, y;,z;)to alineax + by + cz+d =
0

d=

ax1+by1+czl+d|

VaZ+b2+c2
here (%4, v1, z1h= (2,-3,-1) a=2,b=-3,c=6

2.2+ (-3)(=3)+6.(-1)+7

V22+(-3)2+62 =2

_ |4+9—6+7| 14

"~ |\/3a+9+36

7

Equation of a plane parallel to another plane and passing through a point

If equation of a plane ax+by+cz+d=0 then equation of plane parallel to this and
pass through the point (x4, y1,2,) IS

ax + by +cz + k = 0-----eq-1



ax; + by, +cz;+k=0
K=?and putitineql

Ex- Find the equation of the plane which passes through the point (1,-1,4) and
is parallel to the plane 2x-3y+7z-11=0

Ans : the equation of plane parallel to 2x-3y+7z-11=0 is
2X-3y+7z+k=0------- (1)

But it is given that the plane passes through (1,-1,4)

So 2.1-3(-1)+7.4+k=0

2+3+28+k=0

K=-33

Now we will put k=-33 in eg-----(1)

2X-3y+72-33=0

Therefore equation of the plane parallelito 2x=3y+7z-11=0 and passes
through(1,-1,4) is2x-3y+7z-33<0

Equation of a plane perpéndicularto.another plane and passing through a point

If equation of a plane axtby+cz+d=0 then equation of plane perpendicular to
this and pass through the peint (x4, y;,z;) is

a(x — %) +b(y —y1) +c(z—2) =0

Ex- Findhthe equation of the plane which passes through (4,-2,1) and is
perpendicular to the line whose direction ratio are 7,2,-3

Ans-
Equation of the plane passes through (4,-2,1) is
a(x —x)+b(y—y;)+c(z—2;) =0
alx—4)+b(y—(-2)+c(z—1)=0
Here a=7,b=2,c=-3

7x -4 +2(y—(-2))+(-3)(z—-1) =0



7x—28+2y+4—-3z2+3=0
7x+2y—3z—21=0
Therefore 7x + 2y — 3z — 21 = 0 is the required equation of the plane.

Plane through the intersection of two given plane

If equation of the given plane are
Pirayx+byy+ciz+dy =0
Pyra,x + by +cz+dy, =0
Then the new plane will be

P; + kP, = 0, k is a constant.

Ex- Find the equation of the plane whi€h,is perpéndicular to the plane
5x+3y+6z+8=0 and contains the line of intersectionief the planes x+2y+3z-
4=0 &2x+y-z+5=0.

Ans- equation of the plane throughythe line‘ef the intersection of the planes
X+2y+3z-4=0 &2x+Yy-z+5=0. is

(x+2y+3z-4)+k(2x+y-z+5)=0
(1+2k)x+(2+k)y£(3-k)z+(5k-4)=0--------- eq-1
Since the planejis perpendicular to 5x+3y+6z+8=0
So (1+2k)5+(2+k)3+(3-k)6=0 (by using perpendicular condition)
5+10k+6+3k+18-6k~=0
7k+29=0

_—29

K="22
7

By putting k:_ng in eq----1 we get

(1+2. Z2)xH2+ ()Y +(3-())2+(B(— )-4)=0

(1 58) +(2 29) +<3+29) +5( 29) 4 =0
7 )% 7 )7 7 )7 7 =



51x + 15y — 5024+ 173 =0

Therefore 51x + 15y — 50z + 173 =
0 is requried equation of the plane.

THE LOCOUS OF ALL THE POINT IN A SPACE,\WHICH ARE
EQUIDISTANCE FROM A FIXED POINT ISKNOWN AS A SPHERE.

The fixed point is known as centre of the sphere and the constant distance is
known as radius of the sphere.

Equation of a sphere whase*centreat.origin

(x'= 04+ =0)% + (z—0)2 =12
xiF y? + z%2 =r?

General equation.of/a sphere

Equation of a spherethaving centre at (a, b, ¢) is (x — a)? + (y — b)? +
(z —¢)? =ire

x2+y2+z2+2ux+2vy+2wz+d =0

Where center of the sphere is (-u, —v, —w) and radius r =
Vuz +v2+w?2—d

Equation of a sphere having co-ordinates of end point of diameter
(x.v1.2,) and (x5,V5.25)

x—x)x—x)+ @ -y —y2)+(@—2z)(z—2,) =0

Ex- Find the centre and radius of a sphere



4x% + 4y? + 4z —16x—24z+3 =0
Ans= We know general equation of a sphere is
x2+y2+2z% 4+ 2ux + 2vy + 2wz + d = 0--—--eg-1
Given equation of a sphere is
4x% + 4y? +4z° —16x—24z+3 =0
x? +y? + 22 — 4x — 62+~ = 0----q 2
x% 4+ y*+ 7% + 2ux + 2vy + 2wz + d = 0---—-eq-1
By copmparing eg-1 and eq-2
2u=-4 2v=0, 2w=-6 d=-
3
4
Centre of the sphere is (—u, —v, —w) = (2,0,3)
Radius of the sphere is r = Vu? + v2 + w2 4d

r=Juz+v2+w?—d

u=-2, v=20, w= -3, d=

= [(=2)2+ 02+ (—3)? ® 4 4% 9 QY
"= 4 - ™ 4

Hence the centre is (2,0,3) and{radius is 7/2,.

ex- Find the centre and radius of a sphere
%2 +y2 +25—2x—4y—6z—11=0

We knew general eguation of a sphere is

x? #9?% + z2 + 2ux #2vy + 2wz + d = 0-----eq-1
Givenequatiomof a'sphere is

x% + y2 8 z2 £2x — 4y — 62 — 11 = 0------- eq-2
x%2+y? +z% + 2ux + 2vy + 2wz + d = 0-----eq-1
By copmparing eg-1 and eq-2

2u=-2 2v=—4, 2w=-6 d=-11
u=-1, v=-2, w= -3, d=-11
Centre of the sphere is (—u, —v, —w) = (1,2,3)
Radius of the sphereisr = vu2 + v2 + w2 —d

r = \/u2+v2+wz—d




r=J(=D2+(=2)2+(-3)2—(-11) = V1+4+9+11 =25
=5
Hence the centre is (1,2,3)and radius is 5.

Ex- Find equation of the sphere on the join of (2,3,5) and (4,9,-3) as
diameter.

Equation of a sphere having co-ordinates of end point of diameter

(x1,y1,21) and (x3, Y, 2Z3)
x—x)x—x)+ @ —y)@—y2)+ (@ 321)(z—23) =0

(x1,¥1,21) = (2,3,5)(x2,¥2,22) = (4,9, —3)
Equation of the sphere is

x=2)x—-D+O -3 -9+ @Z%5z-(3)=0
x2+y2+2z2—-6x—12y =2z+20=0

hence x* + y% + z? — 6x — 12y%.2z + 20 =0 is the required equation of
the sphere.

EQUATION OF A SPHERE PASSING THROUGH FOUR POINTS

EX- Find equationyof a sphereswhich passes through the points (0,0,0), (1,0,0),
(0,1,0) and (0,031)

Ans-

Let equation of the sphere be

x? ¥ y? Hz%% 20k + 2vy + 2wz + d = 0------- 1
Since (0;0,0) lies on eg-1

S0 0%+ 0%+ 0%+ 2u0 +2v0+2w0+d =0

d = 0----- 2

Since (0,1,0) lies on eqg-1

02+ 124+0°+2u.0+2v.1+2w.0+d =0
1+2v+d = 0------- eg3

Since (0,0,1) lies on eg-1
02+0%24+124+2u.0+2v.0+ 2w.1+d =0
142w + d = 0------- eq4



Since (1,0,0) lies on eg-1
124+02+0%24+2u.1+2v.0+2w.0+d =0
1+2u +d = 0------- egs

1+2v+d = 0------- eq3

1+2w + d = 0------- eqd

1+2u +d = 0------- egs

By solving eg-2 to eq-4 we will get
1 1 1

d=0u=-gv=-gw="y

Now we get the equation of sphere by putting value of u,¥,wand d in"eéguation
1

x2+y2+z2+2ux+2vy+2wz+d =0

1 1 1
x2+y2+ZZ+2(—E>x+2(—§)y+2(—z)z+0=O

x2+y?+z2—x—y—2z=0

EX-- Find equation of a sphergwhich passes through the points (1,0,0), (0,1,0)
and (0,0,1) AND WHOSE CENTREWIES ON THE PLANE 3X-Y+Z=2
3(-u)-(-v)+(-w)=0

-3u+v-w=0

1+2w +d =40
1+2u+d =0
14+2v 4d =0

Ex- Find the'Equation of the sphere whose centre is on the point (1,2,3)
and whieh touches the plane 3x+2y+z+4=0

Ans=

Since the sphere touches the plane 3x+2y+z+4=0

Its radius = length of perpendicular from its centre (1,2,3) to the plane
3X+2y+z+4=0

_|3-1+2.2+13+4] _ 14 — V12
V32422412 V14

the required equation of the sphere is (x — 1) + (y — 2)? + (z — 3)? =
Vid’



(x—1)2+(@y—-2)2+(=z-3)?%=14

x2+y2+z2-2x—4y—6z=0
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